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Matrix exponential
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Harmonic oscillator

The system

ẋ =

[

0 ω
−ω 0

]

x (1)

is called a harmonic oscillator (with dynamics matrix A)

1. find the eigenvalues of A and state transition matrix

eAt (in closed form). You can use the Matlab’s sym-
bolic toolbox if you need.

2. write code that computes eA (without using the Mat-
lab’s built-in expm function).

3. what can you say about the state transition matrix?

4. express x(t) in terms of x(0).

5. what can you say about ||x(t)||?

6. compare your simulation results with some numerical
integration scheme, and construct the phase portrait.
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1. Perform a simulation of the Markov chain example in
Lecture 5 and verify the steady state. Hint: you will
need to generate random integer numbers.

2. Perform a simulation of the Fibonacci numbers, and
choose such initial condition (not the trivial one) so
that the system trajectories converge to the origin.

3. On the course website you can find a Matlab function
“msd n” that generates the equations of motion of n
masses interconnected through springs and dampers.
Assume that there is no damping, simulate the system’s
response (using any spring constants). Plot the position
profile of the masses and the n independent modes of
the system (see Lecture 3).

4. Construct a phase portrait of a planar dynamical sys-
tem for each of the three cases covered in Lecture 6 (dis-
tinct eigenvalues, repeated eigenvalues, complex conju-
gate eigenvalues). If you want you can use the examples
provided in the lecture notes.

5. The state space equations of a pendulum are

ẋ = ẋ

ẍ = −
g

l
sin x −

c

m
ẋ

find its nontrivial equilibrium points.
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6. Show that d(eAt)/dt = AeAt = eAtA

7. “Making the right choice”: Imagine that you have a
“perfect” market model for time T in the future. You
have a list of n companies and have to decide where and
what investment to make. Your model is of the form
ẋ(t) = Ax(t). Investment in some companies is more
expensive that others and you have limited resources L.

Let xi(0) be the number of shares you buy in the ith

company. You can buy only non-negative number of
shares, so all components of x are greater or equal to

zero. The price of one share of the ith company is pi,
So your total cost is computed using pTx.

You can assume that A is such that for x(0) with non-
negative components, x(t) will have also non-negative
components for any t ≥ 0.

Your aim is to choose such initial investment x(0), that
satisfies pTx(0) ≤ L and maximizes the total value at
time T , which is given by pTx(T ).

The model data can be found on the course website in
“data market”.
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