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Lecture 1

03.09.2009 (week 36)

Course Introduction

Main points covered

• prerequisites & grading

• course outline and motivation

• modelling and simulation

• the concept of control

• linear vs. nonlinear dynamical systems

• examples
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Prerequisites, grading, course materials

• linear algebra

• differential calculus

Exposure to signals and systems, dynamics or control
dedicated courses might be helpful, but is not required.

• Matlab and Simulink will be our main simulation envi-
ronment. Prior knowledge will be helpful.

Grading:

• lab reports & homeworks 50 %

• final project 50 %

There is no course textbook. All materials will be pro-
vided on the course website (or as printouts).
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Course outline

• Part 1: Review

- linear difference and differential equations (existence
and uniqueness of solutions, examples, applications)

- linear algebra fundamentals (vector space, indepen-
dence, fundamental subspaces, norms, similarity trans-
form, quadratic forms, positive definiteness, eigenvalues
and eigenvectors)

- autonomous linear dynamical systems (state space,
Laplace transform, the concept of linearization, inter-
pretation of eigenvectors, invariant sets)

• Part 2: Concepts of control

- linear dynamical systems with inputs and outputs
(dominant modes, controllability, observability, feed-
back).
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- nonlinear systems (parallel between linear and nonlin-
ear systems, stability, equilibrium points, limit cycles)

• Part 3: Control of manipulator systems

- as an example of a nonlinear system we will use a robot
manipulator. For that purpose the equations governing
its dynamics will be derived (for numerical simulation
of these equations the students will be provided with a
Matlab toolbox)

- structural properties of the dynamic equations of a
robotic manipulator, and their importance from the
view point of control

- motion control strategies commonly applied to manip-
ulator systems (PID control, linearization and decou-
pling control, predictive control, passivity based control,
robust and adaptive control, compliant motion control)

• Part 4: Final project

Each student will choose a control scheme from Part

3 (or probably come up with something better!), apply
it to a manipulator system and present his/her results.
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The concept of (mathematical) modelling

• A mathematical model of a system (or process) is
a representation of the system (process), by means of
a number of variables which are defined to represent
the inputs, outputs, and internal states, and a set of
equations and inequalities describing the interaction

(coupling) of these variables.

• Mathematical model of a system is useful for:

– predicting (simulating) the behavior of the system,
in cases when experiments could not be conducted (be-
cause they are expensive or dangerous).

– fast verification of control strategies.

– investigating different characteristics of the system
through mathematical analysis (like stability, control-
lability, ...).

• Examples: model of the weather (used for prediction);
a flight simulator (used for prediction and training),
etc. Mathematical models are sometimes referred as
computer models or computational models.
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Approximations and simulation

• An approximation is an inexact representation of “some-
thing” that is still close enough to be “useful”.

– For instance, physicists often approximate the shape
of the Earth as a sphere even though more accurate
representations are possible, because many physical be-
haviors are much easier to calculate for a sphere than
for less regular shapes.

•When developing models, we are facing a trade-off:

– Elaborate models that represent a very good approx-
imation of the behavior of a system are usually difficult
to formulate and solve;

– Simplified models that are easy to formulate, imple-
ment and solve might be useful only for particular ap-
plications.

• Roughly speaking, we are going to refer to simulation

as the act of (approximately) solving the equations

generated during the modelling stage, with given initial
conditions, over some interval of time. The initial
conditions define the initial state of the system.

7

Examples of models

• Geometric growth

This is a simple growth law that describes a behav-
ior resembled by a variety of real processes (increase in
human or other populations, consumption of raw ma-
terials, accumulation of interest on a loan, ...).

x(k + 1) = ax(k) (1)

where, x(k) represents the magnitude of the variable
(e.g., population) at time instant k. The parameter a is
a constant that determines the rate of growth (Fig. 1).
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Figure 1: Geometric growth.
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x(1) = ax(0)

x(2) = ax(1) = a2x(0)

...

By observation we could find the solution x(k) = akx(0)
(geometric growth pattern). Note that, if −1 < a < 1 we
have a decay.

• Exponential growth

Other growth models exist. A commonly used one is:

dx(t)

dt
= ax(t) (2)

Figure 2: Exponential growth.

Can you guess why it is called exponential growth?
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The solution of (2) is x(t) = eatx(0). If a < 0 we have
a decay. If a = 0 then x(t) = x(0) for all t, and a > 0
results into positive growth. Note that, there is no other
behavior that this model can have.

The above models are linear and customary referred
to as time-invariant (or autonomous), since the pa-
rameter a is not a function of time. Note that, once
the initial condition x(0) is set the system’s behavior is
predetermined.

The geometric growth is modeled using a difference

equation - a discrete time model (DT), while the expo-
nential growth with a differential equation - a contin-
uous time model (CT).

• The second law of Newton

f = mẍ (3)

where, m and f stand for mass and force. This model
contains derivatives of second order, however it can be
reformulated as two differential equations of first order.

[

ẋ
ẍ

]

=

[

0 1
0 0

] [

x
ẋ

]

+

[

0
1
m

]

f (4)
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Equations (4) could be expressed using the following stan-
dard notation:

ẋ = Ax + Bu (5a)

y = Cx (5b)

where,

A =

[

0 1
0 0

]

; B =

[

0
1
m

]

; x =

[

x
ẋ

]

; u = f (6)

And we added an output y, where C =
[

1 0
]

(for ex-
ample). What does it mean?

Equations (5) define a dynamical system with a Single
Input u and Single Output y, and is called SISO (when the
input and output dimensions are more than one - MIMO).

A CT linear dynamical system (LDS) like (5) is a first or-
der vector differential equation (usually called state equa-

tion). If the input u does not depend on time, the (closed-
loop) system is autonomous and resembles our first two
examples, nevertheless its behavior can be much more rich.

• Mass-Spring-Damper system (MSD)

mẍ + cẋ + kx = 0 (7)
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m, c and k are mass, damping and spring constants, re-
spectively. Again we represent the second order differential
equation in a state space form.

[

ẋ
ẍ

]

=

[

0 1
−

k
m
−

c
m

] [

x
ẋ

]

(8)

• Case 1 (m = 1, k = 1, c = 0)
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• Case 2 (m = 1, k = −1, c = −2). Note the crazy

gains.

−2 −1.5 −1 −0.5 0 0.5 1 1.5 2
−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

x

ẋ
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• Case 3 (m = 1, k = 1, c = 2).
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Simulation vs. analysis

If we want to simulate the behavior of a MSD system,
we could easily construct the following model in Simulink
and ”press play”. The integrator blocks will numerically
integrate acceleration to velocity, velocity to position and
in this way propagate the state of the system.

Figure 3: Simulink model of a MSD system.

An alternative approach would be to directly obtain an
analytical solution (of the differential equation) as we did
in the case of geometric and exponential growth (this would
not be possible in general).
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In many cases however, performing a simulation is not re-
quired (or not enough). If we are interested in determining
system properties like stability, controllability, observabil-
ity, ... a proper analysis of the system is required.

If one needs to determine whether a given control scheme
behaves in a desired way, it would not be possible to test it
from every possible system state, and all possible parame-
ters of the scheme. For example, in the case of the MSD
system, we could not test all possible spring and damping
constants.

When dealing with linear systems the above analysis
is considerably simplified. The linear dynamical system
(LDS) theory has already reached maturity. It is interest-
ing to note that it can be traced back to the 19th cen-
tury. First engineering application, mainly in the field of
aerospace are from 1960s.

Linear systems are well structured and have nice

properties (superposition holds).

f(x + y) = f(x) + f(y), ∀x ∈ R
n

f(αx) = αf(x), ∀x ∈ R
n
∀α ∈ R

Another nice property is that, sinusoidal input leads to
a sinusoidal output of the same frequency.
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Why start with linear systems?

• a lot of techniques applied to nonlinear systems come
from linear systems because:

- nonlinear system can (sometimes) be approximated
with linear systems

- nonlinear system can (sometimes) be transformed into
linear systems

• in some cases the direct application of methods for lin-
ear systems work “unreasonably well” for nonlinear sys-
tems

• if you don’t understand linear dynamical systems you
will not be able to understand nonlinear dynamical sys-
tems

• their application arise in many areas (signal processing,
communications, finance, circuit analysis, navigation,
aerospace and mechanical engineering, ...)
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Why study nonlinear systems? [movie]

•When a set of nonlinear equations are linearized, the
linear model is valid only “close” to the point of lin-
earization. Furthermore, there are nonlinearities (with
discontinuous nature) that do not allow linear approxi-
mation (Columb friction, backlash).

• A lot of phenomena are only present in nonlinear sys-
tems:

- multiple isolated equilibrium points (singular points)

- finite escape time

- quantitative change of parameters may lead to quali-
tative change of system properties (bifurcations)

- nonlinear systems can display oscillations of fixed mag-
nitude and fixed period without external excitation (limit
cycles)

- for stable linear systems, small difference in initial con-
dition can only result in small difference in output. Non-
linear systems however, can display the phenomenon
chaos.
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Example of multiple equilibrium points

Let us consider the first order system (it is called logistic

equation)

ẋ = −x + x2 (9)

It has two equilibrium points x = 0 and x = 1. Its qual-
itative behavior strongly depends on the initial condition,
and its dynamic response is given by:

x(t) =
x(0)e−t

1− x(0) + x(0)e−t
; (10)
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Figure 4: Two isolated equilibrium points.
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What about manipulators [movie]

In general, the equations governing the dynamics of a
manipulator system can be expressed in the following form:

H(q)q̈ + C(q, q̇) + G(q) + diag(q̇)F v = τ (11)

where, q ∈ R
n is a vector of generalized position co-

ordinates, H ∈ R
n×n is a configuration dependent ma-

nipulator inertia matrix, C are the Coriolis and centrifu-
gal forces/torques, G are the vector of gravity dependent
forces/torques, F v is a vector of viscous friction coefficients
and τ stands for the joint forces/torques.

Are you scared already?

Let us compare (11) with the equation of a MSD:

mẍ + cẋ + kx = 0 (12)

Correspondence:

x←→ q

m←→H

cẋ←→ C

kx←→ G

0←→ τ
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