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Matrix exponential
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Harmonic oscillator

The system

ẋ =

[

0 ω
−ω 0

]

x (1)

is called a harmonic oscillator (with dynamics matrix A)

1. find the eigenvalues of A and state transition matrix

eAt (in closed form). You can use the Matlab’s sym-
bolic toolbox if you need.

2. write code that computes eA (without using the Mat-
lab’s built-in expm function).

3. what can you say about the state transition matrix?

4. express x(t) in terms of x(0).

5. what can you say about ||x(t)||?

6. compare your simulation results with some numerical
integration scheme, and construct the phase portrait.
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1. On the course website you can find a Matlab function
“msd n” that generates the equations of motion of n
masses interconnected through springs and dampers.
Assume that there is no damping, simulate the system’s
response (using any spring constants). Plot the position
profile of the masses and the n independent modes of
the system (see Lecture 3).

2. Construct a phase portrait of a planar dynamical sys-
tem for each of the three cases covered in Lecture 6 (dis-
tinct eigenvalues, repeated eigenvalues, complex conju-
gate eigenvalues). If you want you can use the examples
provided in the lecture notes.

3. Let λ be an eigenvalue of a continuous-time system. It
is convenient to represent λ in the form λ = x+iy. The
characteristic response associated with this eigenvalue
is given by eλt = e(xt+iyt) = exteiyt.

• If λ is real, then λ = x and y = 0. The coefficient
eλt is always of the same sign (no oscillations are de-
rived from an eigenvalue of this type).

• If λ is complex, then its complex conjugate (λ∗) is
also an eigenvalue. The contribution due to λ and λ∗

contains terms of the form ext(A cos(yt)+B sin(yt))
(see Lecture 6, Appendix 3). Such terms oscillate
with a frequency y (in radians per unit time) and
have a magnitude that either grows or decays expo-
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Figure 1: A complex number z and its complex conjugate z̄.

nentially according to ext (hence the amplitude of
the oscillations depend on ℜ(λ)).

Plot the characteristic response due to eigenvalue λ
for cases when ℜ(λ) > 0, ℜ(λ) < 0, ℜ(λ) = 0, with
ℑ(λ) = 0 and ℑ(λ) 6= 0.

4. The state space equations of a pendulum are

ẋ = ẋ

ẍ = −
g

l
sin x−

c

m
ẋ

find its nontrivial equilibrium points.
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5. Show that d(eAt)/dt = AeAt = eAtA

6. “Making the right choice” (optional): Imagine that you
have a “perfect” market model for time T in the fu-
ture. You have a list of n companies and have to decide
where and what investment to make. Your model is of
the form ẋ(t) = Ax(t). Investment in some companies
is more expensive that others and you have limited re-
sources L.

Let xi(0) be the number of shares you buy in the ith

company. You can buy only non-negative number of
shares, so all components of x are greater or equal to

zero. The price of one share of the ith company is pi,
So your total cost is computed using pTx.

You can assume that A is such that for x(0) with non-
negative components, x(t) will have also non-negative
components for any t ≥ 0.

Your aim is to choose such initial investment x(0), that
satisfies pTx(0) ≤ L and maximizes the total value at
time T , which is given by pTx(T ).

The model data can be found on the course website in
“data market”.
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%

% complex exponential

%

clear;clc;cla

A = 1;

a = 0;

w = 2;

Th = 0;

t = 0:0.01:10;

re = A*exp(a*t).*cos(w*t+Th);

im = A*exp(a*t).*sin(w*t+Th);

Z = zeros(length(t),1);

hold on;

plot3(t,re,Z-A,’b’)

plot3(t,Z+A,im,’g’)

plot3(t,re,im,’r’)

xlabel(’t’)

ylabel(’Re’)

zlabel(’Im’)

grid on; axis equal; axis tight

%%%EOF
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