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Lecture 10

19.10.2009 (week 42)

Multibody simulation - basics

Main points covered

• equations of motion

• configuration space and task space

• forward and inverse dynamics

• forward and inverse kinematics

• Jacobian transpose

Note: Appendix 1 and Appendix 2 are still not included
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Some related terminology

• A point mass is an idealized object, that is infinitely
small, but has a nonzero mass. For simplicity, we will
refer to a point mass as a particle.

• A rigid body is an undeformable object. If we con-
sider a rigid body as a collection of particles, then the
distance between any two particles will be constant re-
gardless of the motion of the rigid body. That is, if
p1(t), and p2(t) is the positions of two particles at time
t, then ‖p1(t)− p2(t)‖ = ‖p1(0)− p2(0)‖ for all t.

Of course in reality a rigid body is a continuous mass
distribution, rather than a collection of finite number
of particles, and this will be accounted for when we dis-
cuss the inertia tensor of a rigid body.

• A rigid body motion of an object is a physically
realizable motion which preserves distance between its
particles. An example of motion that preserves dis-
tances, however is not physically realizable is a reflec-
tion.

Rigid body motion can be represented as a combination
of pure translation, and a rotation about a point (the
latter is called spherical motion).
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• A body-fixed frame is a coordinate frame rigidly at-
tached to some point on a rigid body, i.e. there is no
relative motion between the frame and the body.

In order to represent the configuration of a rigid body,
we keep track of the motion a body-fixed frame relative
to an inertial frame (to be called world frame).

By position and orientation of a rigid body, we will
mean the position of the origin of a body-fixed frame,
and the orientation of a body-fixed frame as seen from
the world frame

• Degrees of Freedom (DoF) is the number of independent
variables (coordinates) required to uniquely determine
the configuration of a given systems.

A rigid body has 6 DoF, since we require 3 variables to
describe the position of a body-fixed frame with respect
to the world frame and 3 for its orientation.

Alternatively we can say that the DoF of a system is
equal to the dimension of its configuration space.

• Configuration space is the space of all possible con-
figurations (positions and orientation) that a physical
systemmay attain. A single configuration can be thought
of as a point in the configuration space.
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• Parametrization of the rotation of a rigid body
is a way to describe its orientation relative to a given
frame. Some of the alternatives are:

– using Euler angles - 3 parameters

– using unit quaternion - 4 parameters

– using axis & angle - 4 parameters

– using rotation matrix - 9 parameters

So far no method for parametrization of rotations has
been found to be superior to all the others (in a general
setting). The reason for using parametrizations with
more than three parameters is that any set of Euler an-
gles has one singularity. For details see Appendix 1.

• Fig. 1 depicts a system of rigid bodies (or links) inter-
connected through joints. We will call this a multi-
body system.

• A joint (or a hinge) connects two links, and imposes
constraints (restrictions) on their relative motion. Al-
ternatively we can think of a joint as providing only a
certain number of relative DoF (see Fig. 2).

For simplicity, we will consider only prismatic and rev-
olute joints. They impose five constraints, or alterna-
tively, provide only one relative DoF. Note that complex
joints can be modeled as a combination of prismatic and
revolute joints.
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Figure 1: A multibody system.

We will be working only with multibody systems that
have an open-loop structure, like the system depicted
in Fig. 1 (sometimes called tree-like systems).

As an example of a system that contains closed-loops,
consider again Fig. 1, however let links 3 and 5 are con-
nected via a joint. In such case links 1, 2, 3 and 5 would
form a closed-loop.
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Revolute 1 DoF Prismatic 1 DoF

Cylindrical 2 DoF Universal 2 DoF

Planar 3 DoF Spherical 3 DoF

Figure 2: Various joint types.
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• Position coordinates is a set of variables that uniquely
specify the configuration of a system.

The position of a rigid body can be specified by a vec-
tor p from the origin of the world frame to the origin
of a body-fixed frame. The orientation of a body-fixed
frame with respect to the world frame can be specified
by means of a rotation matrix R or a unit quaternion
Q or a set of Euler angles E etc. Hence, the following
are alternative sets of position coordinates for a rigid
body: {p,R}, {p,Q}, {p, E}.

Note that {p, E} is a set of independent position co-
ordinates, while {p,R} has 6 implicit constraints since
R is a rotation matrix. The constraint associated with
{p,Q} is ‖Q‖ = 1 (see Appendix 1).

There are alternative ways to uniquely specify the con-
figuration of the system in Fig. 1. First, note that it has
6 + 4 = 10 DoF. This can be seen by calculating the
DoF of the system if there were no joints (5 ∗ 6 = 30),
and then subtract the number of constraints imposed
by the joints (4 ∗ 5 = 20). The fact that the system
has 10 DoF implies that there are only 10 parameters
(describing the position) that can be set independently.

{q1, q2, q3, q4,p1, E1} is one choice of 10 independent
parameters, where p1 and E1 describe the position and
orientation of link 1 (the base) in the world frame.
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Note that we could have labeled any link as “base”.

An alternative set of position coordinates is {pi,Ri},
(i = 1, 2, 3, 4, 5). Such choice requires the explicit for-
mulation of 20 constraint equations.

In the bMSd toolbox it is possible to use as position
coordinates {q,p1,R1} or {q,p1,Q1}, where

q =
[
q1 q2 . . . qn

]T
is a vector of n joint angles.

• Velocity coordinates is a set of variables that uniquely
specify the velocity of a system.

As velocity coordinates we could directly use the deriva-
tives of the position coordinates, i.e. {q̇,v1, Ṙ1},

{q̇, v1, Q̇1}, {q̇,v1, Ė1}, where v1 = ṗ1.

In most cases, we are interested in having a set of inde-
pendent velocity coordinates, because their time deriva-
tives (i.e. accelerations) will be independent, and this
will greatly facilitate their numerical integration.

From the above three sets of velocity coordinates only
{q̇, v1, Ė1} is independent, however when a given se-
quence of Euler angles has a singularity, infinite rota-
tional rates Ė1 are needed in order to produce a finite
rigid body angular velocity (see Appendix 2).
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In bMSd we use {q̇,v1,ω1} as independent pseudo-
velocity coordinates, where ω1 is the angular velocity
of link 1 (the base).

Important: In general the components of the angular
velocity ω1 are not the time derivatives of any sim-
ple physical quantity, that is why we call {q̇,v1,ω1}
pseudo-velocity coordinates. How to integrate w1 will
be clarified shortly.

• The acceleration of a multibody system can be fully
described by using the independent variables {q̈, v̇1, ω̇1}.

• All sets of (position, velocity and acceleration) coor-
dinates discussed so far are commonly referred to as
generalized coordinates. The term “generalized”1

is used because the motion of a certain generalized co-
ordinate might involve translation of one part of the
system, while the motion of another, might involve ro-
tation of another part.

Generalized coordinates are usually chosen because they
have a readily visualized geometrical significance, like
the joint angles q for example. Joint angles are very
convenient form of parametrization of the configuration
space, and are of common use in robotics.

1My guess is that the term “generalized coordinates” was introduced simply in order to make a distinction

from “conventional” Cartesian coordinates.
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• We define the state of a multibody system at time t
as a set of (position and velocity) variables that has
to be specified in order to uniquely determine (possi-
bly through change of coordinates) the accelerations
{q̈(t), v̇1(t), ω̇1(t)}.

As we discussed in Handout 6 the state is the memory
of the system, i.e. future outputs depend on past inputs
only through the current state. Hence, the purpose of
the state is to give a set of initial conditions for the sys-
tem of differential equations (the equations of motion).

In bMSd one could use two sets of state variables

{q,p1,Q1, q̇,v1,ω1} or {q,p1,R1, q̇, v1,ω1}.

Note: If a multibody system has a fixed base i.e. p1

and R1 are constant, we will use {q, q̇} as state vari-
ables.

When we say that a set of variables determine the state
of a system we implicitly assume that the system is
properly modeled, and all constant parameters are con-
sidered appropriately. For the modelling conventions
used in the bMSd toolbox see

support_notes_bMSd.pdf

on the course website.
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Equations of motion of a manipulator system

In what follows we will refer to link 1 as the base, and
links 2, 3, ..., n+1 as the manipulator, where n is the num-
ber of joints. The equations of motion of a manipulator
system (with an open-loop structure) mounted on a floating
base can be written in the following form

[
H1 Hc

HT
c H

]

︸ ︷︷ ︸
¯H

[
ẍ1

q̈

]

+

[
C1

C

]

︸ ︷︷ ︸
¯C

+

[
G1

G

]

︸ ︷︷ ︸
¯G

=

[
W 1

τ

]

(1)

where ẍ1 =

[
v̇1

ω̇1

]

, W 1 =

[
F 1

T 1

]

, τ = τ u + τ e.

q, q̇, q̈ ∈ R
n joint angles, velocities and accelerations

H1(q,R1) ∈ R
6×6 inertia matrix of the base

H(q) ∈ R
n×n inertia matrix of the manipulator

Hc(q,R1) ∈ R
6×n coupling inertia matrix

C1(q, q̇,R1,ω1) ∈ R
6 centrifugal/Coriolis forces - base

C(q, q̇,ω1) ∈ R
n centrifugal/Coriolis forces - manipulator
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G1(q,R1) forces due to gravity - base

G(q,R1) forces due to gravity - manipulator

F 1 ∈ R
3 external force applied to the CoM of the base

T 1 ∈ R
3 external torque applied to the base

τ u ∈ R
n forces/torque applied in the joints by the motors.

τ e ∈ R
n external forces/torque acting in the joint coordinates.

Note that external forces/torques acting on any point
on the multibody system, can be represented as equiva-
lent forces/torques τ e, F 1 and T 1. By “equivalent” we
mean that the response of the system to the “real” exter-
nal forces/torques and to the equivalent τ e, F 1 and T 1 will
be the same.

In the bMSd simulator the inertia matrix H̄ can be com-
puted using H_bar = calc_hh(SP,SV) the matrices H1,
H and Hc can be extracted using

H1 = H_bar(1:6,1:6)

H = H_bar(7:end,7:end)

Hc = H_bar(1:6,7:end)

The function calc_hh.m is in ./dynamics
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The computation of F all = C̄ + Ḡ − F e can be per-
formed using F_all = r_ne(SP,SV,Gravity)

where F e =

[
W 1

τ e

]

The vector C̄ could be computed separately by setting
F e = 0 and using C_bar = r_ne(SP,SV,[0;0;0])

The vectors C1 and C can be extracted using

C1 = C_bar(1:6)

C = C_bar(7:end)

The function r_ne.m is in ./dynamics

The vector Ḡ could be computed separately by using
G_bar = calc_G(SP,SV,Gravity)

extracting G1 and G can be done using

G1 = G_bar(1:6)

G = G_bar(7:end)

The function calc_G.m is in ./dynamics
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Forward dynamics

Forward dynamics is forming the equations of mo-
tion (1) and solving them for the accelerations q̈ and ẍ1

resulting from given τ and W 1.

[
q̈

ẍ1

]

= H̄
−1
(

[
0
τ u

]

− F all)

Note that the matrix H̄ is symmetric and positive-definite
(hence invertible).

The accelerations q̈ and ẍ1 can then be integrated nu-
merically in order to propagate the state forward in time.

In bMSd the forward dynamics can be solved using
SV = f_dyn(SP,SV,Gravity)

The function f_dyn.m is in ./dynamics

The numerical integration can be performed using func-
tions int_euler.m (implementing implicit and explicit Eu-
ler methods) and int_rk4.m (implementing fixed-step fourth-
order Runge-Kutta method) provided in ./solvers.

A few notes regarding the numerical integration are due.
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Integrating q̈ to obtain q̇ and then integrating again to
obtain q, as well as integrating v̇1 to obtain v1 and then
integrating again to obtain p1 can be done without consid-
ering any constraint equations (since all above coordinates
are independent). When the motion profile of the system is
“reasonable” and not very stiff, the above integration can
be performed without difficulty.

The angular motion of the base however requires more
careful treatment. Following the above argument, integra-
tion of ẇ1 to obtainw1 can be readily done, however as we
already mentioned, the direct integration of w1 would not
lead to any simple physical quantity and is not useful for us.

Two methods for propagating the attitude of the base
forward in time can be used in bMSd:

– The first one uses k = w1

‖w1‖
as axis of rotation, and

a = ‖w1‖∆t as rotation angle around k (for time ∆t) and
forms a rotation matrix ∆R1 that can be used to propa-
gates the current attitude of the base forward in time by
doing ∆R1R1.

This method is commonly referred to asRodriguesmethod
and is attractive, because the product to two rotation ma-
trices is a rotation matrix, and hence ∆R1R1 will satisfy
the implicit constraints. As a disadvantage, we can point
out that it cannot be used in combination with standard
integration routines.

16



– the second method is using the derivative of the unit
quaternion Q1, that can be formed as follows

Q̇1 =
1

2







0
wx

1

w
y
1

wz
1






⊙Q

where w1 =
[
wx

1 w
y
1 wz

1

]T
, and ⊙ represents quater-

nion multiplication, see Appendix 2.

Q̇1 can then be integrated numerically to obtain the
propagated Q1 (from which we could compute the new
R1). Due to the fact that the entries of Q1 are not in-
dependent (and should satisfy the constraint ‖Q1‖ = 1),
in bMSd after each integration step, the new Q1 is nor-
malized. Evidently, after long simulations, a very small
difference in the solutions obtained using the two methods
can be observed.

A final remark regarding the Runge-Kutta implementa-
tion in int_rk4.m should be made. For convenience, the
values of τ , and W 1 are not updated during the interme-
diate function evaluations. If the system is stiff this could
result into unrealistic results (this can be verified using a
simulation of a simple mass-spring system).

It is straightforward to use bMSd with the Matlab built-
in ODE solvers, however in my opinion this leads to certain
limitations.
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Inverse dynamics

Solving the inverse dynamics problem consists of de-
termining the joint forces/torques τ u and base force/torques
W 1 which are needed to generate accelerations q̈, v̇1, ω̇1

from a give state, in the presence of known external distur-
bances.

Solving the inverse dynamics problem is useful for:

– forming the equations of motion

– manipulator trajectory planning

– control algorithm implementation

In bMSd the inverse dynamics can be solved using

F_id = r_ne1_a(SP,SV,R,Gravity,...)

extracting τ u and W 1 can be done using

F1 = F_id(1:3)

T1 = F_id(4:6)

tau_u = F_id(7:end)

The function r_ne1_a.m is in ./dynamics

For an example see ./examples/example_ID.m
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Example: two DoF planar system

When the base is fixed (ẍ1 = 0) the equations of motion
(1) simplify to

H(q)q̈ +C(q, q̇) +G(q) = τ (2)

As an example of equation (2) let us consider a two DoF
planar manipulator with revolute joints and:

– both links of length 1 m (with CoM in the middle)

– both masses are 1 kg

– the inertia of both links are 1 kgm2

The equations can be found in ./examples/planar2dof.m
note that the Matlab’s symbolic toolbox is used.

We set

m1 = 1; m2 = 1;

I1 = 1; I2 = 1;

lc1 = 0.5; lc2 = 0.5;

l1 = 1;
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The resulting equations are

H = [ 7/2+cos(q2), 1/2*cos(q2)+5/4;

1/2*cos(q2)+5/4, 5/4];

C = [-dq1*dq2*sin(q2)-1/2*dq2^2*sin(q2);

1/2*dq1^2*sin(q2)];

G = [1/2*cos(q1+q2)*g+3/2*cos(q1)*g;

1/2*cos(q1+q2)*g];

by setting c = sin(q2)/2 we can express them as

[
m11 m12

m12 m22

]

︸ ︷︷ ︸

H(q)

[
q̈1
q̈2

]

+

[
−2c

0

]

q̇1q̇2 +

[
0 −c

c 0

][
q̇21
q̇22

]

︸ ︷︷ ︸

C(q,q̇)

+

[
G1

G2

]

︸ ︷︷ ︸

G(q)

=

[
τ1
τ2

]

︸ ︷︷ ︸
τ

The term that includes q̇1q̇2 is called a Coriolis term,
while a the term including q̇21 and q̇22 is called centrifugal.

We can express the above system of equations as two
separate (coupled) equations:

m11q̈1 +m12q̈2 − 2cq̇1q̇2 − cq̇22 +G1 = τ1
m12q̈1 +m22q̈2 + cq̇21 +G2 = τ2

The system is coupled, because the motion of joint one
influences joint two and vice versa.
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Configuration space ⇔ task space

It is often the case that, we are more interested in the
motion of one particular part of a manipulator rather than
the motion of the whole structure. For example, usually
there is a tool attached to an end-link, and we would like
to control it in order to complete a given task. In many
cases, specifying the position and/or orientation of the tool
is of great importance. We can think of this as imposing
m constraints to a manipulator with n joints.

• We will call the space of m task related constraints,
task space.

Example:
Let us consider a three DoF (fixed base) planar sys-

tem. The configuration space (or joint space) is spanned by
{q1, q2, q3}, while let our task be the positioning of the end-
effector in the x− y plane (this is our task space). Hence,
the task space has dimension 2 while the joint space has
dimension 3.

In general, we are interested in what is the correspon-
dence (the map) between {q1, q2, q3} and the position of
the end-effector in the x− y plane.
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Forward kinematics ⇔ inverse kinematics

Dynamics is concerned with the relation between mo-
tion of bodies and its causes (the forces). As well as the
properties of bodies like: mass and moment of inertia.

In Greek, “κινειν” (kinein) means to move. Kinemat-
ics describes the motion of objects without considering the
cause for the motion (the forces).

We will distinguish between two types of kinematic prob-
lems: (i) kinematics at position level, and (ii) kinematics
at velocity level.

• The forward kinematics (for positions) is a function
that takes as input arguments the generalized positions
of a manipulator system, and outputs the position and
orientation of an end-effector. The forward kinematics
problem has a unique solution.

For the example with the three DoF planar arm, we
have T e = f(q1, q2, q3), where T e contains the posi-
tions and some parametrization for the orientation of
the end-effector.

In bMSd the forward kinematics for positions can be
computed using the function ./kinematics/fk_e.m
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• The inverse kinematics (for positions) is the inverse
mapping, i.e q = f−1(T e). Its solution imposes much
more challenges compared to the forward kinematics,
forward and inverse dynamics problems.

Note that f(q) is a nonlinear function of q and solving
the equations q = f−1(T e) can be very difficult. Even
if a solution exists it may or may not be unique.

Things could be simplified by considering the particular
kinematic structure of a given manipulator. Indeed for
many manipulators used in practice, closed-form solu-
tions have been obtained. They are very useful, because
in the presence of multiple solutions, one can develop
rules for choosing a particular solution among several
in a very efficient way.

Efficiency is an issue because when tracking a given end-
effector motion profile for example, the rapid solution
of inverse kinematics might be required.

• The forward kinematics (for velocities) is a function
that takes as input arguments the generalized velocities
of a manipulator, and outputs some parametrization for
the velocity of an end-effector.

For example let the forward kinematics for positions be
given by
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[
pe

Ee

]

= f(q) (3)

By differentiating both sides with respect to time we
obtain

[
ve

Ėe

]

=
df(q)

dt
=

∂f(q)

∂q

dq

dt
= Jaq̇ (4)

See Appendix 3.

Due to the fact that any set of Euler angles has a singu-
larity, sometimes we prefer to use alternative parametriza-
tion for the rotation velocity of the end-effector, namely
its angular velocity ωe.

Even though we cannot make a derivation as the one
above, because as it was pointed out, the angular veloc-
ity ωe is not the time derivative of any simple physical
quantity. We can still write

[
ve

ωe

]

= J gq̇ (5)

The matrix Ja is called analytical Jacobian, while J g

is called geometric Jacobian (and in general they are
different). From now on we will use the geometric Ja-
cobian J g exclusively, and for convenience the subscript
g will be dropped.
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J is called geometric Jacobian, because of the way it
is computed.

In bMSd the (geometric) Jacobian can be computed
using ./kinematics/calc_Je.m

x

x
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y

y

y

z z

z

r1

r2

r3

E

J1

J2

J3

Figure 3: Computing the geometric Jacobian matrix.

The procedure is summarized next. Consider the 3 DoF
(fixed-base) manipulator with revolute joints in Fig. 3
(the case with prismatic joints is left as an exercise).
The local joint axis of rotation for each joint is depicted
in red.
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Let k1, k2 and k3 be the axis of rotation for the three
joints, and r1, r2 and r3 be the vectors from each joint
to the end-effector E, all expressed in the world frame.
Let q̇1, q̇2 and q̇3 be the joint velocities.

We want to compute the velocities ve and ωe of E re-
sulting from q̇. This can be done as follows:

1. Assume that joints J2 and J3 are fixed (i.e. q̇2 = 0
and q̇3 = 0) and compute ve1 and ωe2, that is the
velocity ofE as a result of only the first joint velocity.
This can be done using

ωe1 = q̇1k1

ve1 = ωe1 × r1 = q̇1k1 × r1

2. Next, assume that J1 and J3 are fixed and compute
the contribution of q̇2 to the velocity of E

ωe2 = q̇2k2

ve2 = ωe2 × r2 = q̇2k2 × r2

3. Last, assume that J1 and J2 are fixed and compute
the contribution of q̇3 to the velocity of E

ωe3 = q̇3k3

ve3 = ωe3 × r3 = q̇3k3 × r3
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The total velocity of E can be found by

ve = ve1 + ve2 + ve3

ωe = ωe1 + ωe2 + ωe3

or

ve = q̇1k1 × r1 + q̇2k2 × r2 + q̇3k3 × r3

ωe = q̇1k1 + q̇2k2 + q̇3k3

the above equations can be expressed as

[
ve

ωe

]

=

[
k1 × r1 k2 × r2 k3 × r3

k1 k2 k3

]

︸ ︷︷ ︸

J





q̇1
q̇2
q̇3





In general J ∈ R
6×n and can be computed in a similar

way. When computing J for a system with branches,
one has to use the information for the connectivity of
the system in order to determine whether the motion
of a given point depends on a given joint, if it does not,
then the corresponding column of J will be 0.

One important thing to note is that, at a given manip-
ulator configuration, we have a linear map between
(ve,ωe) and q̇ through the Jacobian J(q). While, the
relation between the end-effector position/orientation
and q is nonlinear (through f(q) - see for example Ap-
pendix 3 equation (11)).
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• The inverse kinematics (for velocities) is the prob-
lem of finding joint velocities q̇ that produce desired
end-effector velocities.

Since the relation between (ve,ωe) and q̇ is linear, solv-
ing the inverse kinematics problem for velocities is con-
ceptually simpler than solving inverse kinematics for
positions.

When the manipulator has 6 joints

Jq̇ =

[
ve

ωe

]

(6)

has a unique solution

q̇ = J−1

[
ve

ωe

]

(7)

provided that J is nonsingular. In the above case, both
the joint space and the task space have dimension 6.

It is possible to use the inverse kinematics for velocities
in order to find solutions for the inverse kinematics for
positions (see ./kinematics/ik_e.m) - we will discuss
this and more issues related to inverse kinematics and
the Jacobian matrix in Handout 13.
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JT

Let W e =

[
F e

T e

]

denote the external forces and torques

applied at an end-effector point.

Consider a manipulator at an equilibrium, and W e ap-
plied at an end-effector. The goal of statics is to determine
such τ u that has to be applied in the joints so that the ma-
nipulator remains at an equilibrium.

Definition: Moment of force (torque)

Let r be the vector from the origin of a fixed coordinate
frame {A} to a point of interest.

The moment about the origin of {A} of a force F acting
at the point r is given by r × F

In many cases we are interested in the torque τ about a
line passing through the origin of {A}. In such cases we
can simply project r × F on this line as follows:

τ = k · (r × F ) (8)

where k is a unit vector in the direction of the line.
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The relation between W e and τ u can be derived as fol-
lows (see Fig. 3):

Assume that all joints except for joint i are fixed, then
W e would cause the manipulator to rotate around ki (the
axis of rotation of Ji). τ

e
i acting in the joint i as a result of

W e is given by

τ ei = ki · (ri × F e) + ki · T e

By using the triple product rule

a · (b× c) = (a× b) · c

we can rewrite the above equation as

τ ei =
[

(ki × ri)
T kT

i

]
[
F e

T e

]

(9)

Note that
[

(ki × ri)
T kT

i

]
is the transpose of the ith

column of J .

Representing n versions of equation (9) (for i = 1, . . . , n)
in a matrix form leads to

τ e = JTW e (10)

If we chose τ u = −τ e the equilibrium state will be pre-
served.
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Appendix 1: rotation parametrizations

To be included ...
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Appendix 2: Ė , Ṙ, Q̇

To be included ...
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Appendix 3: derivative of a function

The derivative is a measurement of how a func-
tion changes when its input changes.

• Definition of a derivative (function of one variable)

df(x)

dx
= lim

∆x→0

f(x +∆x)− f(x)

∆x

• Derivative of a composite function (the chain rule)

A composite function represents the application of one
function to the results of another. For instance, the
functions f : x → y and g : y → z can be composed
by first computing f(x) and then applying a function
g to the output of f(x). We denote this as g(f(x)).

dg(f(x))

dx
=

dg

df

df

dx

• Derivative of a scalar function

An example of a scalar function of a single variable:

f : x → y, x ∈ R, y ∈ R

33

f is a scalar function because the output y is a real
number (y ∈ R). f is a function of a single variable
because x ∈ R.

An example of a scalar multivariate function:

f : x → y, x =

[
x1
x2

]

∈ R
2, y ∈ R

When dealing with a multivariate function, we chose
one variable of interest, and find the derivative of the
function with respect to this variable, while keeping the
others constant. This is called a partial derivative.

If f(x1, x2) = 2x21 + 3x2

∂f(x)

∂x1
= 4x1

∂f(x)

∂x2
= 3

By combining the two partial derivatives, we obtain the
gradient of f

▽ f =





∂f(x)
∂x1

∂f(x)
∂x2



 =

[
4x1
3

]

At each point of x, ▽f points in the direction of max-
imum rate of change of the function.

34



• Derivative of a vector function

An example of a multivariate vector function:

f : x → y, x =





x1
x2
x3



 ∈ R
3, y =

[
y1
y2

]

∈ R
2

we can write this as

{
y1 = f1(x1, x2, x3)

y2 = f2(x1, x2, x3)

Next, we find the gradients ▽f1 and ▽f2 and combine
them in a matrix J to obtain:

J(x1, x2, x3) =
∂f

∂x
=

[
▽fT

1

▽fT
2

]

=





∂f1
∂x1

∂f1
∂x2

∂f1
∂x3

∂f2
∂x1

∂f2
∂x2

∂f2
∂x3





The matrix J is called the Jacobian matrix.

• Jacobian of a composite function

An example of a multivariate composite function:

f : x(t) → y(t) x(t) ∈ R
n, y(t) ∈ R

m
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The derivative of f with respect to t can be expressed
as:

ẏ =
df

dt
=

∂f

∂x

dx

dt
= Jẋ

The above equation relates the derivative of the outputs
y to the derivative of the inputs x through the Jacobian
matrix.

Example 1: forward kinematics of a two DoF planar arm.

The position (x, y) of the end-point can be expressed as
a function of the joint angles (q1, q2) as follows:

[
x
y

]

=

[
a1 cos q1 + a2 cos(q1 + q2)
a1 sin q1 + a2 sin(q1 + q2)

]

(11)

where a1 and a2 are the length of the links. For simplicity,
we can rewrite (11) as p(t) = f(q(t))

f : q(t) → p(t), q(t) ∈ R
2, p(t) ∈ R

2

The velocity of the end-point for given joint velocities q̇,
can be expressed as

ṗ =
∂f

∂q
q̇ = Jq̇ (12)
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Let us compute the Jacobian of

[
x
y

]

=

[
a1 cos q1 + a2 cos(q1 + q2)
a1 sin q1 + a2 sin(q1 + q2)

]

From equation (12) we have:

∂x

∂q1
= −a1 sin q1 − a2 sin(q1 + q2)

∂x

∂q2
= −a2 sin(q1 + q2)

∂y

∂q1
= a1 cos q1 + a2 cos(q1 + q2)

∂y

∂q2
= a2 cos(q1 + q2)

Hence the Jacobian is given by:

J =

[
−a1 sin q1 − a2 sin(q1 + q2) −a2 sin(q1 + q2)
a1 cos q1 + a2 cos(q1 + q2) a2 cos(q1 + q2)

]

Note that for a given configuration q, the relation be-
tween ṗ and q̇ through the Jacobian is linear, while f re-
lating p and q is a nonlinear function.
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Example 1 (cont.):

Using Matlab to compute the Jacobian

syms a1 a2 q1 q2

% joint angles

q = [q1;

q2];

% end-effector position

x = a1*cos(q1) + a2*cos(q1+q2);

y = a1*sin(q1) + a2*sin(q1+q2);

pe = [x;

y];

% compute the Jacobian matrix

J = jacobian(pe,q);

>> J =

[-a1*sin(q1)-a2*sin(q1+q2), -a2*sin(q1+q2)]

[ a1*cos(q1)+a2*cos(q1+q2), a2*cos(q1+q2)]
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