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Lecture 11

22.10.2010 (week 42)

Basic schemes for manipulator control
in joint space

Main points covered

• PD control

• inverse dynamics control
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PD control in joint space revised

Recall that the equations of motion of a fixed-base ma-
nipulator system can be written in the following form (see
Handout 10)

H(q)q̈ +C(q, q̇) +G(q) = τ u + τ e (1)

Unless otherwise specified it will be assumed that τ e = 0.

The task in Lab 7 was to implement a PD controller
for the joint motion of a manipulator system. Each joint
torque was treated as the input of a single-input/single-
output system (see Fig. 1), and the coupling effects among
the joints, and the effects due to gravity were not explicitly
considered. This resulted into the necessity of using high
values for the gains Kp and Kd.

High gains decrease the tracking error, however bring the
system to the neighborhood of the instability domain.

Assuming appropriate choice of gains is made, a PD con-
troller can be rigorously shown to guarantee asymptotic
tracking of a desired joint position provided the gravity
term G(q) in the equations of motion is equal to zero [1].
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τ u = Kp(qd − q) +Kd(q̇d − q̇) (2)

where qd and q̇d are desired joint position and velocity.

In the presence of gravity, the above PD controller will
result into a nonzero steady state error. By increasing the
gains it can be reduced, but not removed. As in the case
of a simple mass-spring-damper system, we could modify
the control by adding an integral component (see Fig. 2)
or explicitly account for the gravity in our controller.

Figure 1: The concept of decoupled PD control in joint space.
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Figure 2: PID control in joint space.

A PD controller with gravity compensation has the form.

τ u = Kp(qd − q) +Kd(q̇d − q̇) + Ĝ(q) (3)

where Ĝ(q) represents an estimate of G(q) (see Fig. 3).
By substituting (3) in (1) we obtain

H(q)q̈ +C(q, q̇) +G(q) = Kp(qd − q) +Kd(q̇d − q̇) + Ĝ(q)

Under the assumption that we have a perfect estimate,
i.e. Ĝ(q) = G(q), the closed-loop system becomes

H(q)q̈ +C(q, q̇) = Kp(qd − q) +Kd(q̇d − q̇) (4)
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Figure 3: PD control with gravity compensation in joint space.

Inverse dynamics control in joint space

Instead of applying a simple PD control to each individ-
ual joint, we can use the knowledge of the dynamics of our
system in the following way. Define

τ u = Ĥ(q)aq + Ĉ(q, q̇) + Ĝ(q) (5)

where, aq is an input parameter to be specified below,

and Ĥ , Ĉ and Ĝ are estimates of H , C and G.

Substituting (5) in (1), and under the assumption of per-
fect estimates we obtain:
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q̈ = aq (6)

(5) is called an inverse dynamics controller.

In view of equation (6) we can interpret (5) as an in-
put transformation, that transforms the problem from one
of choosing torque input into one of choosing acceleration
input. The input aq can be chosen as

aq = q̈d +Kp(qd − q) +Kd(q̇d − q̇) (7)

Substituting the above expression for aq in (6) we obtain

(q̈d − q̈) +Kd(q̇d − q̇) +Kp(qd − q) = 0 (8)

By setting ë = (q̈d− q̈), ė = (q̇d− q̇) and e = (qd−q),
we can write (8) as

ë +Kdė +Kpe = 0 (9)

From Handout 6 we know that by a proper choice of the
feedback gains Kp and Kd, desired response of the error
dynamics (9) can be achieved.

In practice, modelling errors always exist and the esti-
mates Ĥ , Ĉ and Ĝ will be different from H , C and G.
That is why, choosing aq = q̈d would be unreasonable.
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The existence of Kp(qd − q) + Kd(q̇d − q̇) in (7) en-
sures the “robustness” of the scheme in the presence of
small modelling errors. The difference with the pure PD
controller (2) is that (in general) the gains will be much
smaller, since they will work only on the errors resulting
from small uncertainties in the model, rather that trying
to cope with the whole dynamics of the system (as in (2)).

It is possible to use careful analysis for tuning the gains
both in case of PD and inverse dynamics controller (as an
example see [2] pp. 349-350, 355), however in practice it is
common to use trial-and-error.

The block diagram of the inverse dynamics controller (5)
is given in Fig. 4 and Fig. 5. It is important to note the
structure of the controller.

• There is an inner loop, which uses a nonlinear feed-
back (formed using the dynamics of the system) in order
to linearize and decouple the original model.

• The outer loop, enhances the robustness of the sys-
tem to parametric uncertainties, external disturbances
and other unmodeled effects. Due to the inner loop,
the outer loop controller can be significantly simplified,
since it operates on a linear time-invariant system.
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Figure 4: Inverse dynamics control.

inner loopouter loop robot
trajectory
generation

aq τ u

linearized system

Figure 5: Inner loop/outer loop architecture.

The outer loop controller need not take the form given in
Fig. 4. It can be modified to achieve other goals like: fol-
lowing a desired motion profile for the end-tool, regulating
the force exerted on the environment, etc. The inner/outer
loop architecture is a convenient way of unifying many con-
trol strategies.

Note that the implementation of the inverse dynamics
scheme in practice requires the real-time computation of
Ĥ , Ĉ and Ĝ, which can impose restrictions on the design
of the control system.
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In the control schemes discussed so far, we were making
the assumption that desired motion profiles for the manip-
ulator joints are available.

Since in most cases the task specification is carried out
in the workspace, whereas control actions are performed in
joint-space, a reasonable question would be: How to spec-
ify desired profiles for q, q̇ and q̈?

The above question will be discussed in Lecture 12.
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