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Support notes

Lyapunov stability

• Linearization of a function

• Lyapunov’s indirect method

• Lyapunov’s direct method (not included yet)

2



We will focus on stability of equilibrium points of au-
tonomous nonlinear systems (another kind of stability for
example is input-output stability). The material is based
on [1], [2], [3].

A basic notion of stability (in sense of Lyapunov):

An equilibrium point is stable if all solutions starting at
nearby points stay nearby (otherwise it is unstable).

An equilibrium point is asymptotically stable if all solu-
tions starting at nearby points not only stay nearby, but
also tend to the equilibrium point as time approaches
infinity.

As in the case of linear systems, when we analyze nonlin-
ear systems, in many cases we do not seek detailed solutions
(either in numerical or analytical form) but rather we are
interested in a particular aspect of system behavior. Sta-
bility is one such aspect. Other aspects would be estimates
of behavior resulting from perturbations, characterizations
of limiting behavior, saturation effects etc.

Recall that for a linear time-invariant system ẋ(t) =
Ax(t) the stability of the equilibrium point x = 0 can be
completely characterized by the location of the eigenvalues
of A. Hence, there is no need to solve the differential equa-
tions describing the system behavior (when discussing its
stability).
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Recall fromHandout 6 that if the initial state of a system
is an equilibrium point then (by definition of an equilibrium
point) the state will never move. Stability properties char-
acterize how a system behaves if the state is initiated close
to (but not precisely at) a given equilibrium point.

When analyzing the behavior of a system around a given
equilibrium point x̄, it is often convenient to perform a
change of variable y = x− x̄ so that the equilibrium point
(when using the new variable y) is the origin of the state-
space.

Let x̄ 6= 0 is an equilibrium point of the autonomous
system

ẋ = f(x), (0.1)

i.e. f(x̄) = 0. By substituting x = y + x̄ we obtain
(note that ˙̄x = 0)

ẏ = f(y + x̄) (0.2)

Clearly, when y = 0, f(y + x̄) = 0, hence the equilib-
rium point was “shifted” to the origin.

For convenience, all definitions will be given for the case
when the equilibrium point is at the origin of Rn. Further-
more, we will assume that f(x) : Rn → R

n is a continuous
function, and equation (0.1) has a unique solution corre-
sponding to each initial condition.
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Definition 0.1 The equilibrium state x = 0 is said to
be stable if, for any R > 0, there exists r > 0, such
that if ‖x(0)‖ < r, then ‖x(t)‖ < R for all t ≥ 0.
Otherwise, the equilibrium point is unstable.

Let us denote the ball ‖x(t)‖ < R by BR, and the ball
‖x(t)‖ < r byBr. Then the above definition can be written
in the following way

∀R > 0, ∃r > 0,x(0) ∈ Br ⇒ ∀t ≥ 0,x(t) ∈ BR

Or in words the definition states that the origin is stable
if, given that we do not want the state trajectory x(t) to
get out of a ball of arbitrarily specified radius BR, a value r
(possibly depending on R) can be found such that starting
the state from within a ball Br at time t = 0 guarantees
that the state will stay within the ball BR thereafter ([1],
pp. 48).

Conversely, an equilibrium point is unstable if there
exists at least one ball BR, such that for every r > 0 (no
matter how small) it is always possible for the system
trajectory to start somewhere within the ball Br and
eventually leave the ball BR.

The stability defined above is usually called stability in

the sense of Lyapunov, or Lyapunov stability.
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Figure 1: Concepts of stability. Curve 1 - asymptotically stable, Curve 2 - stable, Curves 3 and
4 - unstable.

The concepts of stability and instability in Definition 0.1
are depicted in Fig. 1. The curves c1, c2, c3 and c4 represent
the behavior of four systems starting from an initial con-
dition x(0) (“close” to 0). The origin is asymptotically

stable for system 1, stable (or usually called marginally

stable) for system 2 and unstable for systems 3 and 4.

Asymptotic stability means that the equilibrium point
is: (i) stable, and in addition (ii) states started close to 0

converge to 0 as time t goes to infinity.

Definition 0.2 The equilibrium state x = 0 is said
to be asymptotically stable if it is stable and in
addition there exists some r > 0 such that ‖x(0)‖ < r
implies that x(t) → 0 as t → ∞.
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In the definition of asymptotic stability, the condition
“states started close to 0 converge to 0 as time t goes to
infinity” is not enough to guarantee that a system is asymp-
totically stable ([1], pp. 50). For example, it is reasonable
to call the curve c4 in Fig. 1 unstable (assuming that for
arbitrarily small ‖x(0)‖ the system’s response is not con-
fined within BR) since in some cases the model could be
valid only for state trajectories confined within BR.

Definitions 0.1 and 0.2 characterize the local behavior of
systems (i.e how the state evolves after starting near an
equilibrium point). Local properties tell little about how
the system will behave when the initial state is not close to
a given equilibrium point. Note that nonlinear systems can
have multiple (isolated) equilibrium points, and the behav-
ior of the system close to each of them can be different.

For example, consider the logistic equation ẋ = −x +
x2 from Handout 1 (the example is adopted from [1], pp.
7). There are two equilibrium points x = 0 and x = 1.
When x(0) is “close” to 0 the system converges towards
the equilibrium state x = 0 (see Fig. 2), however when
x(0) > 1, the state “blows-up” (state trajectories starting
close to an equilibrium point move further and further away
to infinity). Actually, in this example, x will go to infinity
in finite time (a phenomenon known as finite escape time).

A linear system cannot have a finite escape time, this
is a phenomenon appearing only in nonlinear systems.
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Figure 2: Two isolated equilibrium points.

If asymptotic stability holds for any initial state, the
equilibrium point x̄ is said to be globally asymptotically
stable (G.A.S.) (or asymptotically stable in the large).
Note that this implies that x̄ is the unique equilibrium
point (see [2], pp. 124). For if there were another equilib-
rium point x̄

′
, the trajectory starting at x̄

′
would always

remain at x̄
′
, hence it would not approach x̄.

Linear time-invariant systems are either asymptotically
stable, marginally stable or unstable. Note that if a linear
system is asymptotically stable it is G.A.S. Furthermore, a
linear system being unstable implies a “blow-up”.

8



−4 −3 −2 −1 0 1 2 3 4
−3

−2

−1

0

1

2

3

x1

x
2

BR

Figure 3: Unstable origin of the Van der Pol oscillator. ẋ1 = x2, ẋ2 = −x1+ ǫ(1−x2

1
)x2, ǫ = 1.

Note that when dealing with nonlinear systems, instabil-
ity does not necessarily imply a “blow-up”.

For example ([1], pp. 50), consider the Van der Pol oscil-
lator whose phase portrait is depicted in Fig. 3. The origin
is an equilibrium point, which follows directly by substi-
tuting x = 0 and ẋ = 0 in ẍ = −x + ǫ(1 − x2)ẋ. All
system trajectories starting close to the origin (but not at
the origin) asymptotically approach a limit cycle (one such
trajectory is depicted in red).
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This implies that, if we choose R in Definition 0.1 to
be small enough for a ball BR to fall completely within
the closed curve of the limit cycle, then system trajectories
starting near the origin will eventually get out of BR. This
implies instability of the origin.

Even though the state of the system (in the above ex-
ample) does remain around the equilibrium point (in a
certain sense), it cannot stay arbitrarily close to it.

Next, we outline two methods that can be used to test
for stability without solving the differential equations de-
scribing the dynamic system.

The first method is based on the observation that the
stability properties around a given equilibrium point de-
pend only on the nature of the system near the equilibrium
point. Therefore, to conduct an analysis of stability it is
often mathematically convenient to replace the full non-
linear model by a simpler description that approximates
the system near the equilibrium point. Often a linear

approximation is sufficient to reveal the stability prop-

erties. The idea of checking stability by analysis of a lin-
earized version of the system is referred to as Lyapunov’s
linearization method or Lyapunov’s indirect method.

The second method is called Lyapunov’s direct method
and it works directly with the nonlinear system. It enables
the analysis to extend beyond only a “small” region near
the equilibrium point.
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Linearization of function

Before we discuss the Lyapunov’s linearization method,
we review the concept of linear approximation of a function.

Let f : R → R be a nonlinear function that has deriva-
tives of all orders through an interval containing c.

Recall that Taylor series is a representation of a func-
tion as an infinite sum of terms calculated from the values
of its derivatives at a single point c.

f(x) = f(c) +
f

′
(c)

1!
(x− c) +

f
′′
(c)

2!
(x− c)2 + ... (0.3)

Assuming that x is “close” to the point c (hence x− c is
“small”), the second and higher order terms will contribute
little to the sum. Therefore f(x) could be approximated
by only using the first and second terms

f(x) ≈ f(c) + f
′
(c)(x− c) (0.4)

The above approximation is called linearization. Alter-
natively, by using x = c +∆x (0.4) can be written as

f(c +∆x) ≈ f(c) + f
′
(c)∆x (0.5)
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Figure 4: Linearization of f(x) = x2 + 2x at point c = 1.

Example 0.1 Find a linear approximation for the func-
tion f(x) = x2 + 2x at the point c = 1 (see Fig. 4).

f(x) ≈ f(1) + f
′
(1)(x− 1) = 3 + 4(x− 1) = 4x− 1

Equation (0.4) can be verified by inspection (see Fig. 4)

f(x) = f(c + ∆x) ≈ f(c) + ∆y

= f(c) + tanα∆x

= f(c) + f
′
(c)∆x

= f(c) + f
′
(c)(c + ∆x︸ ︷︷ ︸

x

−c)

12



Let f : Rn → R
n represent n nonlinear scalar valued

functions, each of which depends on n variables xi (i =
1, . . . , n). Each function is approximated by the relation

fi(c1 +∆x1, c2 +∆x2, . . . , cn +∆xn) ≈

fi(c1, c2, . . . , cn) +
∂

∂x1
fi(c1, c2, . . . , cn)∆x1+

∂

∂x2
fi(c1, c2, . . . , cn)∆x2 + · · · + ∂

∂xn
fi(c1, c2, . . . , cn)∆xn

The complete result can be expressed compactly in a
vector notation as

f(c +∆x) ≈ f(c) + F∆x, or (0.6)

f(x) ≈ f(c) + F (x− c) (0.7)

where c = (c1, c2, . . . , cn), ∆x = (∆x1,∆x2, . . . ,∆xn),
x = c + ∆x and F ∈ R

n×n is the Jacobian matrix of
f(x) evaluated at x = c

F =

(
∂f

∂x

)

x=c
=












∂f1
∂x1

∂f1
∂x2

. . . ∂f1
∂xn

∂f2
∂x1

∂f2
∂x2

. . . ∂f2
∂xn

...

∂fn
∂x1

∂fn
∂x2

. . . ∂fn
∂xn












x=c

(0.8)
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Suppose that x̄ is an equilibrium point of the system
ẋ = f(x). Then substituting x = x̄ + ∆x and using
(0.6), we obtain

d(x̄ +∆x)

dt
≈ f(x̄) + F∆x (0.9)

And since dx̄/dt = 0 and f(x̄) = 0 (because x̄ is an
equilibrium point), we obtain

∆ẋ ≈ F∆x (0.10)

This linear approximation is valid for small deviations
∆x from the equilibrium point x̄.

The same procedure can be applied to a discrete-time
dynamical system x(k + 1) = f(x(k)) as well. Assuming
that x̄ is an equilibrium point and substituting x(k) =
x̄ +∆x(k), we obtain

x̄ +∆x(k + 1) ≈ f(x̄) + F∆x(k) (0.11)

However, since an equilibrium point of a discrete-time
dynamical system satisfies x̄ = f(x̄) (see Handout 6), we
obtain

∆x(k + 1) ≈ F∆x(k) (0.12)
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The same concept (of linearization) can be applied to
a non-autonomous nonlinear system with a control input
u(t) as well.

ẋ = f(x,u) (0.13)

Assuming that the origin is an equilibrium point (i.e.
f(0,0) = 0) and using (0.7), we can write

ẋ ≈
(
∂f

∂x

)

(x=0,u=0)
x +

(
∂f

∂u

)

(x=0,u=0)
u (0.14)

Let us denote the above Jacobian matrices (which are
evaluated at x = 0,u = 0) using

A =

(
∂f

∂x

)

(x=0,u=0)
, B =

(
∂f

∂u

)

(x=0,u=0)
.

The system ẋ ≈ Ax+Bu is a linear approximation of
the original nonlinear system at x = 0,u = 0.

If the system (0.13) is autonomous (i.e. u = g(x)), by
linearly approximating the control as

u =

(
∂g

∂x

)

x=0
x = Gx, (0.15)

the closed loop dynamics can be linearly approximated as

ẋ ≈ (A−BG)x (0.16)
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The Lyapunov’s indirect method

As we know (see Handout 6), the stability properties
of a linear system are determined by the location (in the
complex plane) of the eigenvalues of the system matrix A.
The stability properties of the linearized version of a non-
linear system can be determined in the same way. Then,
the stability properties of the original nonlinear system can
be inferred from the linearized system using the following
general rules (see Hartman-Grobman theorem [5], pp. 64).

• If the linearized system is strictly stable (i.e if all
eigenvalues of A are strictly in the left-half complex
plane), then the equilibrium point is asymptotically
stable for the nonlinear system.

• If the linearized system is unstable (i.e if at least one
eigenvalues of A is strictly in the right-half complex
plane), then the equilibrium point is unstable for the
nonlinear system.

• If the linearized system ismarginally stable (i.e if all
eigenvalues of A are in the left-half complex plane,
but at least one of them has a zero real part), then
one cannot conclude anything from the linear ap-
proximation (i.e. the equilibrium point may be sta-
ble, asymptotically stable, or unstable for the non-
linear system).
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Let λi (i = 1, . . . , n) are the eigenvalues of A, then the
first two conditions could be stated in the following concise
way:

• The origin is asymptotically stable if ℜ(λi) < 0 for all
eigenvalues of A,

• The origin is unstable if ℜ(λi) > 0 for one or more
eigenvalues of A.

The essence of these results is that, except for the “bound-
ary case”, the eigenvalues of the linearized system com-
pletely reveal the stability properties of an equilibrium point
of a nonlinear system. The reason is that, for small devi-
ations from the equilibrium point, the performance of the
system is approximately governed by the linear terms (they
dominate and thus determine stability) [3], pp. 327. A
proof of this result can be found in [2], pp. 139.

When the linear system is marginally stable, the higher
order terms (that we disregarded when performing the lin-
earization) can have a decisive effect on whether the non-
linear system is stable or unstable.

When dealing with a discrete-time system, the above
rules are applicable, by using unit circle instead of left-
half plane.
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Examples (Lyapunov’s indirect method)

Example 0.2 ([2], pp. 142). Consider the system ẋ =
f(x) = ax3. Linearizing the system about the origin x = 0
yields

A =

(
∂f

∂x

)

x=0

=
(
3ax2

)

x=0
= 0

Hence, A = 0. Since the is at least one eigenvalue with
zero real part, linearization fails to determine the stability
of the system. We will see later that depending on whether
a < 0, a = 0 or a > 0, the system could be asymptotically
stable, stable or unstable.

Example 0.3 ([3], pp. 327). Consider the system ẋ =
ax + cx2. Linearizing the system about the origin x = 0
yields

ẋ = ax

Based on the three general principles, we can conclude
the following relations between parameters and stability:

• a < 0, the nonlinear system is asymptotically stable

• a > 0, the nonlinear system is unstable

• a = 0, can not tell from linearization
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Example 0.4 ([2], pp. 143). The equation of a pendulum
(with friction) is given by

ẋ1 = x2
ẋ2 = −a sin(x1)− bx2

where, b is the friction coefficient, and a = g/r, with g
being the acceleration due to gravity and r the distance
from the hinge to the (concentrated) mass. The pendulum
has two (nontrivial) equilibrium points (x1 = 0, x2 = 0)
and (x1 = π, x2 = 0). Let us investigate stability of both
points by using linearization. The Jacobian matrix is given
by (we denote x = (x1, x2))

∂f

∂x
=





∂f1
∂x1

∂f1
∂x2

∂f2
∂x1

∂f2
∂x2



 =

[
0 1

−a cos(x1) −b

]

.

To determine the stability of the origin, we evaluate the
Jacobian at x = 0

A =

(
∂f

∂x

)

x=0
=

[
0 1
−a −b

]

.

The eigenvalues of A are given by λ1,2 = −b
2
±

√
b2−4a
2

.
It can be verified that for a, b > 0 the eigenvalues satisfy
ℜ(λi) < 0, hence the equilibrium point x = 0 is asymp-
totically stable. In the absence of friction (b = 0), both
eigenvalues have zero real part (thus we cannot determine
the stability of the origin through linearization).
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To determine the stability of the equilibrium point (x1 =
π, x2 = 0) we evaluate the Jacobian at that point

Ã =

(
∂f

∂x

)

x1=π,x2=0

=

[
0 1
a −b

]

.

The eigenvalues of A are given by λ1,2 = −b
2 ±

√
b2+4a
2 .

It can be verified that for a > 0 and b ≥ 0 there is one
eigenvalue with positive real part, hence the equilibrium
point at (x1 = π, x2 = 0) is unstable.

Example 0.5 ([1], pp. 21, see Handout 6). In Fig. 5
is depicted the phase portrait of the following nonlinear
system

ẋ1 = x2

ẋ2 = −0.6x2 − 3x1 − x21

Form Handout 6 we know that it has two equilibrium
points x̄1 = (0, 0) and x̄2 = (0,−3). Let us investigate
stability of both points by using linearization. The Jaco-
bian matrix is given by

∂f

∂x
=





∂f1
∂x1

∂f1
∂x2

∂f2
∂x1

∂f2
∂x2



 =

[
0 1

(−3− 2x1) −0.6

]

.

To determine the stability of the origin, we evaluate the
Jacobian at x = 0
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A =

(
∂f

∂x

)

x=0
=

[
0 1
−3 −0.6

]

.

We have already encountered a matrix A like the one
above, in the case of a mass-spring-damper system (with
for example m = 1, c = 0.6 and k = 3). Both eigenvalues
of A have negative real parts, hence we can conclude that
the equilibrium point x̄1 is asymptotically stable. From
Handout 6 we know that the trajectories of such system
are called stable focus (see Fig. 5).

To determine the stability of the equilibrium point (x1 =
−3, x2 = 0) we evaluate the Jacobian at that point

Ã =

(
∂f

∂x

)

x1=−3,x2=0

=

[
0 1
3 −0.6

]

.

We could interpret this case as a mass-spring-damper
system with a “spring” that magnifies the error. Evidently,
one of the eigenvalues is positive, hence, we can conclude
that the equilibrium point x̄2 is unstable. From Handout

6 we know that the trajectories of such system are called
saddle point (see Fig. 5).

It is interesting to note that starting from initial con-
dition (ǫ, 0) for some small ǫ > 0 the system trajectories
converge to the origin, however when starting from (−ǫ, 0)
they diverge. So how close is “close enough” to the origin?
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ẍ+ 0.6ẋ+ 3x+ x2 = 0

convergence
area

divergence
area

Figure 5: Equilibrium points of a nonlinear ordinary differential equation ẍ+0.6ẋ+3x+x2 = 0.
v1 and v2 are the eigenvectors associated with the negative and positive eigenvalues of the
linearized system around (−3, 0).
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