
Manipulation and control (2011)

Exercise 1

report assigned on 14.Sep.2011

Supplementary materials (available for download at the course website)

• Euler.m

• rk4.m

Tasks

• introduction to some of the basics of Matlab and Simulink

– simulate a mass-spring-damper system

• schemes for numerical integration

– Euler (implicit and explicit)

– Runge-Kutta 4th order
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1 Task 0 (Matlab basics)

Many tutorials on-line

• http://www.cyclismo.org/tutorial/matlab

• http://www.engin.umich.edu/class/ctms

• many others . . .

2 Ordinary differential equations

Differential equations are mathematical descriptions of how a set of variables and their deriva-
tives (rates of change) with respect to one or more independent variables affect each other. The
solutions of a differential equation show us how the dependent variable(s) will change with the
independent variable(s). When the independent variable is only one, a differential equation is
called ordinary (ODE).

ODEs arise in many different contexts, like mechanics, population modelling, and many oth-
ers. They are an excellent representation of many dynamic situations and provide an important
first step in developing techniques for the mathematical analysis of a dynamic phenomena. As
an example consider the second law of Newton

mẍ(t) = F (x(t)) for all t ∈ R. (1)

Such a relation between a function x(t) : R → R
3 and its derivatives is called an ODE.

Equation (1) is of second-order since the derivative is of second degree. Note that x is called
the dependent and t the independent variable.
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It is possible to increase the number of dependent variables by considering both x and ẋ.
This leads to a first-order system (see Lecture 1 equation (4)).

If for simplicity we assume that F = 0, the solution for x1(t) (the motion along one of the
axes) is given by x1(t) = C1 + C2t. Where, C1 and C2 are integration constants. To specify
a unique solution, two auxiliary conditions must be given. If we set x1(0) and ẋ1(0), then the
integration constants are determined as C1 = x1(0) and C2 = ẋ1(0). Hence, the “fate” of or
particle is uniquely determined after its initial position and velocity are specified. Note the
correspondence between the number of initial condition that need to be specified and the order
of the ODE (1).

Since in general, it is not possible to obtain a closed form (analytical) solution to a set of
equations ẋ = f (t,x), under the assumption that f is continuously differentiable with respect
to t and y over some interval of interest, we seek numerical methods to approximate the solution
at discrete times t1, t2, ..., tn.

2.1 Euler’s method

The rate of change of the variables x can be approximated using

ẋn ≈
xn+1 − xn

∆t
. (2)

Hence,

xn+1 ≈ xn + ẋn∆t (3)

The Euler’s method simply interchanges “≈” with “=”. It is an explicit method because the
right-hand side does not depend on xn+1. Equation (3) needs only one function evaluation
(a one step method) and is very easy to implement. Its drawbacks are that it is not not
accurate and not stable. That is why its application is limited.

Recall the equation of a mass-spring-damper system
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Applying (3) for the (approximate) solution of (4) leads to

xn+1 = xn + ẋn∆t (5a)

ẋn+1 = ẋn + ẍn∆t (5b)

The above scheme can be improved if in (5a) instead of using ẋn (the current velocity at
time n), we use the newly computed velocity ẋn+1. This is called an implicit Euler’s method,
because we are using future information (the velocity from the next step)

ẋn+1 = ẋn + ẍn∆t (6a)

xn+1 = xn + ẋn+1∆t (6b)

Note that the order of the equations in (5) is not important, however (6a) has to be computed
before (6b).

The implicit version of the Euler method is stable, and is commonly used in simulation
packages intended for game development. One example is the Open Dynamics Engine simulator
[1]. However, though stable, it is not particularly accurate. In order to improve accuracy the
utilization of more sophisticated integration schemes is required.
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2.2 Runge-Kutta method

Attempting to improve the approximation (3), one might try using higher order terms in the
Taylor’s series. This, however, would be impractical because of the difficulty involved in ob-
taining the derivatives of f(t,x).

It is possible to develop methods that match the accuracy of the higher order Taylor’s
series methods by sequentially computing the function f(t,x) at several points within a given
time interval. Hence, the task of computing higher order derivatives is replaced by
function evaluations at a given number of points. Such methods are called Runge-Kutta
(RK).

One of the commonly used algorithms in engineering applications is the second-order explicit
RK method. It is of second-order, because two functions evaluations are made for every ∆t.
Another RK method that is commonly used is of fourth-order. The equations can be found
in [2]. Code for both Euler and Runge-Kutta methods are provided on the course website
(Euler.m, rk4.m).

3 Task 1 (mass-spring-damper system)

3.1 Problem 1

The equation of motion of a mass-spring-damper system is

mẍ+ cẋ+ kx = 0

1. Simulate the behavior of the system using both Matlab and Simulink. Use both Euler
(implicit, explicit) and Runge-Kutta schemes. Experiment with different values for the
spring stiffness k > 0 and damping coefficient c ≥ 0

2. what happens when c

k
is “small”, c

k
is “large”?

3. perform a simulation using c = 0 and explain the results

4. compare the results obtained when using the Euler and Runge-Kutta numerical integra-
tion schemes

3.2 Problem 2 (snalytic vs. numeric solution)

Consider the first-order ODE

ẋ+ ax = r

where a and r are constants. Its closed form solutions is given by

x(t) = (x(0)−
r

a
)e−at +

r

a
.

Assuming that a = 1, r = 1 and x(0) = 0, compare the closed form with a numerical solution
(use ∆t = 0.25).

3.3 Problem 3 (Van der Pol equation)

Consider the second-order ODE

ẍ+ a(x2
− 1)ẋ+ x = 0. (7)

Use the built-in Matlab solvers ode45 and ode15s to solve the Van der Pol equation with a = 0.2
and a = 1000. What did you observe?
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4 Task 2 (multi-variable system)

Implement in Simulink the multivariable system example from Lecture 1 and verify the profiles
of y1 and y2 depicted in Fig. 5 and Fig. 6.

References

[1] http://www.ode.org/

[2] http://en.wikipedia.org/wiki/Runge-Kutta
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