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Exercise 2 — Math Basics II — Apr. 6. 2016

Matlab:

• Matlab installation instructions using your ORU-account: https://www.oru.se/globalassets/oru-
sv/student/it/installation-av-matlab-r2015b-studenter.pdf

• Cheat-sheet: http://userpage.chemie.fu-berlin.de/∼naundorf/PCF/MATLAB Reference Sheet-
1.pdf

Exercise report:

Start with a separate cover page including:

• Course name (e.g. Robot Control)

• Exercise number and title (e.g. Exercise 2 – Math Basics II)

• Student name, personal number and email address

• Date when the exercise was performed and date when the report was submitted

The report itself can be very short, e. g. only a figure and/or some brief written explanation
per sub-task. Only include data which is necessary to show that the lab was successful and try
to answer the posed questions succinctly. Submit both, the report and your generated Matlab
files, via email until the deadline on Apr. 12. 2016 (before the next exercise session). Grading
will be based on the points indicated after each question. A total of 22 points (excluding bonus
points as indicated) can be achieved.

Main points covered:

• Schemes for numerical integration

• Numerical simulation of dynamical systems

Part of the material below was adapted from: Dimitar Dimitrov, Manipulation and Control,
2011: http://www.aass.oru.se/Research/mro/drdv_dir/course_mc_2011.html.

Some Background . . .

Differential equations with only one independent variable (e. g., time) are called ordinary
(ODE). As they are mathematical descriptions of how a set of variables and their deriva-
tives (rates of change) with respect to the independent variable affect each other, ODEs are
an excellent representation of many dynamical systems pertaining to robotics. As an example
consider the second law of Newton

mẍ(t) = F (x(t)) , ∀t ∈ R,

where m ∈ R, ẍ ∈ R3 and F ∈ R3 respectively describe the mass, acceleration and net force
acting on a particle (or rigid body, provided the law is formulated with respect to its center
of mass). The above ODE is of second order with x being the dependent and t being the
independent variable. As shown in lecture 2, it is possible increase the number of dependent
variables in order to obtain a first-order system.
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Let’s, for simplicity, assume that no external forces are acting on our exemplary system
(i. e., F = 0). Then, the solution for x1(t) (the motion along the first spatial direction) is
given by x1(t) = C1 + C2t. Here, C1 and C2 are integration constants. To specify a unique
solution, two auxiliary conditions must be given. If we set x1(t0) and ẋ1(t0), then the integration
constants are determined by C1 = x1(t0) and C2 = ẋ1(t0). In general, it is not possible to obtain
closed form (analytic) solutions to ODEs of the form ẋ = f(x, t). Therefore, we seek numerical
methods (i. e., integrators) to approximate these solutions at discrete times t1, t2, . . . , tn.

Euler Method

The rate of change of the variables x(t) can be approximated using

ẋn ≈
xn+1 − xn

∆t

Hence,

xn+1 ≈ xn + ∆tẋn

The Euler method simply interchanges “≈” with “=” (note that you can arrive at the same re-
sult when doing a linearization of x(t) via a Taylor expansion). Considering that ẋn = f(xn, tn)
the method reads

xn+1 = xn + ∆tf(xn, tn) (1)

It is an explicit method because the right-hand side does not depend on xn+1. It only relies
on the previously computed solution xn (i. e., it has no memory – a one-step method) and is
very easy to implement. Its drawbacks are that it is not accurate and not stable. Therefore its
application potential is limited.

Runge-Kutta Method

In order to improve the approximation in (1), one might try using higher order terms in the
Taylor expansion. This, however, is impractical because of the difficulty involved in obtaining
the derivatives of f(x, t).

However, it is possible to develop one-step methods that match the accuracy of higher order
Taylor expansions by sequentially computing the function f(x, t) at several points within a
given time interval. Such methods are called Runge-Kutta (RK) and they rely on the following
central idea: The task of computing higher-order derivatives is replaced by function evaluations
at a given number of points.

One of the commonly used RK integrators in engineering applications is the second order
explicit Runge-Kutta method. It is of second order, because two function evaluations are made
for every ∆t. Another frequently used RK method is of fourth order. The corresponding
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mathematical description is given by

k1 = f(xn, tn)

k2 = f(xn +
∆t

2
k1, tn)

k3 = f(xn +
∆t

2
k2, tn)

k4 = f(xn + ∆tk3, tn)

xk+1 = xk +
∆t

6
(k1 + 2k2 + 2k3 + k4) (2)

1 Mass-Spring-Damper

Recall the Mass-Spring-Damper (MSD) system we talked about in lecture 2. It can be described
by the state-space equation [

ẋ
ẍ

]
=

[
0 1
− k

m
− c

m

] [
x
ẋ

]
.

1. Implement the MSD system above as a Matlab function ẋ=msd(x) which takes as input
a state vector x = [x, ẋ]T and returns the derivative ẋ = [ẋ, ẍ]T (define k, c and m within
msd(.)). [2 pts]

2. Implement the Euler integrator in (1) as a function xn+1=euler(@integrand, xn, tn) which
takes a handle to the integrand, the current state and time step and outputs the next
state (define ∆t within euler(.)). Tip: you can use the Matlab function feval to evaluate
the function handle representing the integrand. [2 pts]

3. Analog to the previous point, implement the fourth order RK scheme in (2) in the function
xn+1=rk4(@integrand, xn, tn). [2 pts]

4. Simulate the MSD system for 10s by respectively using your functions euler(.) and rk4(.).
Start the simulations at t0 = 0 and x0 = [10, 0]T . Use a step size of ∆t = 0.2s and MSD
parameters of m = 1, k = 1 and c = 0. Plot the resulting trajectories x(t). What do you
observe? [3 pts]

5. Now use rk4(.) for simulation. Vary the parameters c and k. What happens when c
k

is
small, c

k
is large? Plot x(t) in each case and give a brief description. [3 pts]

2 Analytic vs. Numeric Solution

Consider the first order ODE
ẋ + ax = r,

where a and r are constants. Its closed form solution is given by

x(t) =
(
x0 −

r

a

)
e−at +

r

a

1. Assuming that a = 1, r = 1 and x0 = 0, compare the closed form solution with numerical
solutions obtained with euler(.) and rk4(.) respectively. Use a time step of ∆t = 0.25.
Plot the resulting trajectories x(t) and give a brief discussion. [3 pts]
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3 Van der Pol Oscillator

The second order ODE describing the Van der Pol (VdP) oscillator is given as

ẍ + a
(
x2 − 1

)
ẋ + x = 0

1. Implement the VdP system above as a Matlab function ẋ=vdp(x) which takes as input
a state vector x = [x, ẋ]T and returns the derivative ẋ = [ẋ, ẍ]T (again, define a within
vdp(.)). [2 pts]

2. Starting from x0 = [2, 0]T , use the Matlab built-in solvers ode45 and ode15s to solve the
Van der Pol equation with a = 0.2 and a = 1000 respectively. What do you ovserve?
Plot the resulting trajectories x(t) and give a brief discussion. [2 pts]

3. Use the ode45 integrator to plot 3 phase diagrams (i. e., 2D plots with axis x and ẋ)
of the VdP oscillator for a = 0.2, a = 1 and a = 5 respectively. To this end, choose
symmetric axis ranges [−10, 10] for both axis and plot the integral curves corresponding
to initial values lying on the plot borders as shown in the examples given in lecture 2 (you
can omit the arrows - just plot the solutions as continuous curves). [3 pts]
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