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Exercise 3 — State Feedback Control — Apr. 13. 2016

Matlab:

• Matlab installation instructions using your ORU-account: https://www.oru.se/globalassets/
oru-sv/student/it/installation-av-matlab-r2015b-studenter.pdf

• Cheat-sheet: http://userpage.chemie.fu-berlin.de/~naundorf/PCF/MATLAB_Reference_
Sheet-1.pdf

Exercise report:

Start with a separate cover page including:

• Course name (e.g. Robot Control)

• Exercise number and title (e.g. Exercise 3 – State Feedback Control)

• Student name, personal number and email address

• Date when the exercise was performed and date when the report was submitted

The report itself can be very short, e. g. only a figure and/or some brief written explanation
per sub-task. Only include data which is necessary to show that the lab was successful and try
to answer the posed questions succinctly. Submit both, the report and your generated Matlab
files, via email until the deadline on Apr. 19. 2016 (before the next exercise session). Grading
will be based on the points indicated after each question. A total of 22 points (excluding bonus
points as indicated) can be achieved.

Main points covered:

• State feedback controller design

• Observer design

• Pole placement

Introduction

In this exercise, the task is to feedback control the two systems depicted in Fig. 1: an ideal
(undamped) gravity pendulum and a simplified 2D Segway model (corresponding to the “in-
verted pendulum on a cart” model in the literature). The pendulum can be described by the
second-order ODE

Θ̈ =
g

l
sin Θ + cu, (1)

where Θ measures the pendulum’s angle to the vertical and the control input u corresponds to a
torque acting in the pivot point. The Segway essentially consists of an ideal inverted pendulum
(with mass m) mounted on a frictionless, horizontally movable base with mass M . Modeling
the physics of the system results in two nonlinear second-order ODE’s:

ẍ =
1

M +m

(
u+mlΘ̈ cos Θ−mlΘ̇2 sin Θ

)
, (2)

Θ̈ =
g

l
sin Θ +

1

l
ẍ cos Θ.
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Figure 1: Schematics and relevant physical parameters of a pendulum (left) and a 2D Segway (right).

In (2), Θ and x respectively describe the Segway’s angle and position. Control input u
corresponds to a force acting on the center of the base. On the course webpage (http:
//www.aass.oru.se/Research/mro/rkg_dir/rc_2016/segway.tar), you can download two
simple Matlab simulator classes corresponding to our systems of interest. Start by running the
two scripts inv pend test.m and segway test.m. Make sure to read and understand the com-
ments in the code. The respective physical system parameters, like pendulum length l or mass
m, can be accessed as class members. Note that, depending on your system, the simulation
might not run in real-time, i. e., the visualization might be slowed down. The support material
also includes a fourthth order Runge-Kutta integrator (implemented in rk4.m) which you can
use in this exercise to update your observer state estimates during simulation. Type >> help
rk4 to get info on how to use it. You can, of course, also use your own implementation from
the previous exercises or an in-built Matlab integrator (like ode45 ) although they are rather
slow.

1 PID Control Stabilization

Our first goal is to stabilize the pendulum in (1) in an upright (Θ = 0) position using a PID
controller with control law

u(t) = Kpe(t) +Ki

∫ t

0

e(τ)dτ +Kd
de(t)

dt
,

where e = r − y is the error between reference and measured output.

1. Implement the above control law as a function u=pid(e,dt,G) with the following argu-

ments: error e, time step dt and control gain vector G =
[
Kp Ki Kd

]T
. Tip: you

can use persistent Matlab variables to memorize integrals and previous control errors in
between function calls. [2 pts]

2. Assuming that we can measure Θ, use the simulator to tune your PID controller’s gains
such that the pendulum is stabilized in upright position i. e., r = 0. Use an initial state

of x0 =
[
Θ0 Θ̇0

]T
=
[
0.3 0

]T
and plot the angle Θ(t). [1 pts]
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2 State Feedback Stabilization

For now, we assume availability (i. e., measurement) of our systems full state information.

1. For the pendulum in (1), formulate a linear state-space representation of the form

ẋ = Ax + Bu, (3)

with state vector x =
[
Θ Θ̇

]T
(linearize around operating point

[
0 0

]T
). As discussed in

lecture 4, compute the gain matrix for a state feedback law u = −Kx via pole placement.

As in task 1-2, use an initial state of x0 =
[
0.3 0

]T
and plot the angle Θ(t). How does

the result compare with the PID solution? [2 pts]

2. Formulate a linear state-space representation corresponding to (3) of the Segway in (2).

Use a state vector x =
[
x ẋ Θ Θ̇

]T
and linearize again around the zero-state. Tip: for

this case, rather than linearizing via Taylor expansion, it is less cumbersome to linearize
the system before order reduction using the small angle approximations: sin Θ ≈ Θ,
cos Θ ≈ 1 and Θ̇2 ≈ 0. [2 pts]

3. Is the obtained linear model controllable? Find the answer without using the Matlab
command ctrb. [1 pts]

4. Utilize the linear model to find the gain matrix for a state feedback control law u = −Kx

via pole placement. Using a nominal initial state x0 =
[
0.01 0 0.3 0

]T
, experiment

with different closed-loop eigenvalues considering their implications on the control system
as we discussed in lecture 4. Visualize the position x(t) and the angle Θ(t) with the Matlab
subplot command. [2 pts]

5. Now experiment with scaled nominal initial states κx0. What is the largest positive scal-
ing factor κ ∈ R+ (corresponding to the largest initial deflection) which your stabilizing
control system can tolerate while still keeping the Segway’s pendulum upright? [1 pts]

3 Observer Design

Reality caught up with us and we realize that we can only get measurements for the Segway’s
position x using odometry. Therefore, from now on, consider an output relation of the form

y =Cx =
[
1 0 0 0

]
x. (4)

1. Is the system observable? Find the answer without falling back on the Matlab command
obsv. [1 pts]

2. In order to reconstruct a full state estimate x̂, augment your control system with a
Luenberger observer of the form x̂ = Ax̂+Bu+L(y−Cx̂). Use pole placement to find
the observer gain matrix L. Tip: As a rule of thumb, the observer eigenvalues should be
4− 10 times smaller (“more negative”) than the largest closed-loop eigenvalues. [2 pts]

3. From now on, use the state estimation in your control law u = −Kx̂. Assume again

nominal initial states x0 = x̂0 =
[
0.01 0 0.3 0

]T
. Corresponding to task 2-5, experi-

mentally determine the largest common scaling factor for x0 and x̂0 which the observer-
based control system can tolerate (keep the estimated and actual initial states the same).
How does the obtained factor κ compare to the one from task 2-5? [2 pts]
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4. Carry out the same experiment as above, but only scale the estimated initial state, i. e.,

x0 =
[
0.01 0 0.3 0

]T
and x̂0 = κx0. How does the initial state estimate deviation

influence the result? [2 pts]

5. Good news, everyone! Our Segway was equipped with a gyroscope which measures its
tilt angle Θ. Therefore, our output matrix in (4) changes to to

C =

[
1 0 0 0
0 0 1 0

]
.

Recompute the observer gain matrix L and repeat the two experiments in 3-3 and 3-4.
How do the results change with the new additional measurements? [2 pts]

6. Augment the control law with a reference input, i. e., u = −Kx̂ + Gr. Compute the
reference gain G as shown in lecture 4. Starting from the nominal initial values x0 =

x̂0 =
[
0.01 0 0.3 0

]T
, respectively track a step reference r(t) = 1 and a sinusoidal

reference r(t) = sin t. Plot the resulting position x(t) and tilt angle Θ(t) together with
the respective reference signal r(t). [2 pts]
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