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Abstract

Several methods for temporal reasoning with metric time
have been suggested—for instance, Horn Disjunctive Lin-
ear Relations (Horn DLRs). However, it has been noted
that implementing this algorithm is non-trivial since it builds
on fairly complicated polynomial-time algorithms for linear
programming. Instead, an alternative approach which aug-
ments Allen’s interval algebra with a Simple Temporal Prob-
lem (STP) has been suggested (Condotta, 2000). In this pa-
per, we present a new point-based approach STP∗ for reason-
ing about metric temporal constraints. STP∗ subsumes the
tractable preconvex fragment of the augmented interval alge-
bra and can be viewed as a slightly restricted version of Horn
DLRs. We give an easily implementable algorithm for de-
ciding satisfiability of STP∗ and demonstrate experimentally
its efficiency. We also give a method for finding solutions to
consistent STP∗ problem instances.

Introduction
Temporal reasoning in various forms has long been an im-
portant task in many areas of AI. Examples of tasks that have
been studied is that of deciding consistency or finding a so-
lution of a set of constraints over temporal variables. Typi-
cally these variables represents time points or time intervals
over a linear time domain. The constraints imposed on these
variables can either be of a purely qualitative nature, stating
relations such as precedence or equality, or of a more quan-
titative nature. Examples of the later case would be to state
that a certain time point occurs at least a given amount of
time units before another or that an interval is of a certain
length.

The time complexity for qualitative reasoning is fairly
well understood. Reasoning about intervals is commonly
done using Allen’s interval algebra (Allen 1983) for which
the satisfiability problem is NP-complete in the general case
but for which several tractable fragments have been iden-
tified. One of the more useful tractable fragments is the
ORD-Horn fragment (Nebel & Bürckert 1995) which con-
sists of the 868 interval relations which can be expressed
by conjunctions of constraints of the form x R y ∨ z �=
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w where x, y, z, w denotes endpoints of the intervals and
R ∈ {≤, �=}. Note that x, y or z, w may denote the same
endpoints for non-disjunctive constraints such as the inter-
val constraint “before or meets” which can be written as
x+ ≤ y− ∨ x+ �= x+. The ORD-Horn fragment is also
known as the set of preconvex interval algebra relations.
Qualitative reasoning on time points is done using the point
algebra and satisfiability can easily be decided using path
consistency.

A number of methods has been proposed for reasoning
about metric time. One of these is Horn Disjunctive Lin-
ear Relations (Jonsson & Bckstrm 1998; Koubarakis 2001),
Horn DLRs for short. This is a temporal constraint formal-
ism for which satisfiability can be checked in polynomial
time. The expressibility of Horn DLRs subsumes the ORD-
Horn algebra and most of the other tractable formalisms for
temporal reasoning and satisfiability is decided using a lin-
ear programming approach. As a consequence, the algo-
rithm for deciding satisfiability is not trivial to implement
and special considerations need to be taken to the numerical
precision during calculations. These problems have been
pointed out in a number of papers, cf. (Condotta 2000;
Pujari & Sattar 1999). For a good presentation of the poly-
nomial time algorithms for linear programming and the nu-
merical issues involved see eg. (Papadimitriou & Steiglitz
1982). Another slightly more efficient algorithm solving the
linear programming problem has been presented by Vaidya
(1987).

A method proposed by Condotta (2000) handles metric
time by augmenting Allen’s interval algebra and the rectan-
gle algebra (Güsgen 1989) with quantitative STP constraints
on the endpoints. Although this method yields an algorithm
which is simpler to implement than the Horn DLR approach
it lacks the expressibility of Horn DLRs and has the rather
high time complexity of O(n5).

In this paper we present yet another approach for han-
dling metric time called STP∗ which has an expressibility
subsuming that of the tractable ORD-Horn fragment of the
augmented interval (and rectangle) algebra but slightly more
restricted than Horn DLRs. By restricting ourselves to us-
ing this method we get a very simple algorithm for decid-
ing satisfiability that has a low practical time complexity
and a good expressibility. We recall that the Simple Tem-
poral Problem (STP) allows metric constraints of the form



1 Algorithm: STP-1
2 Input: A set C of STP ∗ clauses over the set of variables 1 . . . n.
3 Let M be the n × n matrix such that M [k][l] = 0 if k = l and ∞ otherwise .
4 repeat
5 changed ← false
6 update M to contain the shortest path between every pair of variables.
7 if ∃x : M [x][x] < 0 then reject
8 for every clause c = x1 + r1 ≤ y1 ∨ x2 + r2 �= y2 ∨ · · · ∨ xm + rm �= ym in C do
9 if r1 < M [x1][y1] ∧ ¬∃i > 1 : M [xi][yi] �= ri ∨ M [yi][xi] �= ri then

10 M [x1][y1] ← r1

11 changed ← true
12 remove c from C
13 end
14 until changed = false
15 accept

Figure 1: The algorithm for solving STP∗ problem instances

x + r ≤ y where x, y represents point variables and r is a
real constant. The satisfiability problem for STPs and STPs
augmented with disequality constraints (STP�=) relations has
been well investigated previously (Dechter, Meiri, & Pearl
1991; Gerevini & Cristani 1997) and efficient algorithms has
been identified for deciding satisfiability. By basing our ap-
proach on STPs and allowing disjunctions of disequality we
get an expressive formalism that retain most of the simplic-
ity and efficiency of the satisfiability algorithms for STP and
STP �=. As we will see later in this paper the practical cost of
adding metric information is relatively small when we use
this method.

We continue this paper by recalling the definitions of
STP �=, presenting STP∗ and an algorithm for solving the
satisfiability problem in the next section. In the following
section we investigate the expressibility of STP∗ and show
that the tractable preconvex fragment of the augmented in-
terval algebra can be expressed in terms of STP∗ constraints
and that certain rectangle algebra relations also can be ex-
pressed in STP∗. After this we continue with some studies
and comparisons of an actual implementation of this algo-
rithm to other approaches. Finally, in the last section we
have some concluding remarks and open questions.

Simple Temporal Problem
We begin this section by giving the definition of STP �= in-
troduced by Gerevini and Cristani (1997) and recall some of
their previous results. This is in turn followed by the nec-
essary definitions for extending STP�= with disjunctions of
disequality, yielding STP∗, and an algorithm for deciding
satisfiability of STP∗ problem instances.

Definition 1 An STP �= problem instance is a tuple 〈V, C〉
of a set of variables V and constraints C such that all con-
straints in C is of the form x + r ≤ y or x + r �= y for
x, y ∈ V and r ∈ R . The satisfiability problem for STP�= is
that of finding a mapping from the variables onto R satisfy-
ing all the constraints C.

We say that an STP�= problem instance T entails x+d = y
iff there exists no solution for T such that x + d �= y. An
STP �= problem instance can also be considered as a labeled

graph over its variables with an edge labeled r between x, y
for each constraint x − r ≤ y. This graph is called the dis-
tance graph of the instance. For STP �= we have the following
result proven by Gerevini and Cristani (1997) which is help-
ful for deciding satisfiability of STP�= problem instances.
This will later be used in the proofs for the algorithm de-
ciding satisfiability of STP∗ instances.

Lemma 2 An STP�= problem instance T is consistent iff T
does not have negative cycles in its distance graph, and it
does not entail w + d = v for any inequation w + d �= v in
T .

We are now ready to define the STP∗ point algebra and
the satisfiability problem for it. As we will see, STP∗ and
STP�= are closely related and the algorithm for deciding sat-
isfiability of STP∗ problem instances resembles that for de-
ciding satisfiability of STP�= instances given by Gerevini and
Cristani (1997).

Definition 3 An STP∗ problem instance is a tuple 〈V, C〉
of a set of variables V and constraints C such that all con-
straints in C is of the form x1 + r1 ≤ y1 ∨ x2 + r2 �=
y2 ∨ · · · ∨xn + rn �= yn for x, y ∈ V, r ∈ R and n ≥ 1. The
satisfiability problem for STP∗ is that of finding a mapping
from the variables onto R satisfying all the constraints C.

The maximum clause size of a problem instance is the
largest n for all the constraints in it. Note that the defini-
tion allows simple x + r ≤ y constraints by having n = 1.
Since STP∗ is a restriction of the Horn-DLR framework sat-
isfiability could in principle be decided using the indepen-
dence algorithm (Cohen et al. 2000) and a solver for STP �=.
Indeed, the algorithm we present here is largely based on
the independence algorithm but by using Lemma 2 we have
enhanced the algorithm so that a solution is created incre-
mentally and a complete call to an underlying STP�= solver
can be avoided in each iteration which makes the algorithm
more efficient when a shortest path algorithm which han-
dles incremental changes is used in step 6 of the algorithm.
In our implementation a modified Floyd-Warshall (Cormen,
Leiserson, & Rivest 1997) that keep tracks of modified vari-
ables is used for this purpose. We can now prove that the



algorithm given in Figure 1 only accepts satisfiable problem
instances.

Theorem 4 Algorithm STP-1 accepts only satisfiable STP∗

problem instances

Proof: Let Π be an STP∗ problem instance that is accepted
by STP-1 and let M, C be the adjacency matrix and the set
of clauses left when the algorithm accepts. We construct an
STP �= problem instance Π′ from Π by having the constraints
x − M [x][y] ≤ y for all x, y such that M [x][y] < ∞. For
each clause c = x1 + r1 ≤ y1 ∨ x2 + r2 �= y2 ∨ · · · ∨ xm +
rm �= ym in C we add the constraint xi + ri �= yi for some
i such that M [xi][yi] �= ri or M [yi][xi] �= ri.

Obviously, Π is satisfiable if Π′ is satisfiable. We note that
Π′ contains no negative cycles and that for each constraint
x + r �= y we have that Π does not entail x + r = y. By
lemma 2 we have that Π′ is satisfiable and thus Π is also
satisfiable. �

We continue by proving that the algorithm only rejects
unsatisfiable STP∗ problem instances.

Theorem 5 Algorithm STP-1 rejects only unsatisfiable
STP∗ problem instances.

Proof: Let Π be an STP∗ problem instance that is rejected
by the algorithm and let M, C be the adjacency matrix and
the set of clauses left when the algorithm rejects. Assume
that Π is satisfiable. It is then possible to construct an STP�=

problem instance Π′ by selecting one term of each clause in
Π such that Π′ is satisfiable. From lemma 2 we know that
Π′ contains no negative cycles and that for each x + r �= y
constraint we have that Π′ does not entail x + r = y.

We say that M contain a constraint x − r ≤ y if
M [x][y] = r and r < ∞ and we show that M only
contains constraints that are present in Π′ by induction on
the number of constraints in M . The base case of zero
constraints is trivially true. For the inductive case assume
that this holds for the first n constraints added to M by
the algorithm and let c = x1 + r1 ≤ y1 ∨ x2 + r2 �=
y2 ∨ · · · ∨ xm + rm �= ym be the clause containing the
(n + 1)’th constraint x1 + r1 ≤ y1 added. Since we have
¬∃i > 2 : M [xi][yi] �= ri ∨ M [yi][xi] �= ri and all con-
straints in M is also present in Π′ we see that xi + ri = yi

is entailed by Π′ for all i > 2. Thus, Π′ must also contain
the constraint x1 + r1 ≤ y1 added by the algorithm to M .

Now, since M only contains constraints in Π′ and the al-
gorithm rejects we see that M and Π′ has a negative cycle.
Which contradicts lemma 2. Thus, Π is unsatisfiable. �

Next, we note that the algorithm runs in O(|C|(|V |3 +
|C|t)) time for problem instances 〈V, C〉 with maximum
clause size t since the shortest path problem can be solved
in O(n3) using eg. the Floyd-Warshall algorithm (Cormen,
Leiserson, & Rivest 1997). For converted interval and rect-
angle problem instances our algorithm thus takes O(n5)
time where n is the number of variables in the original prob-
lem instance. Thus, our algorithm has the same asymptotical
time complexity as Condottas algorithm for the preconvex
fragment of the augmented interval algebra but with with a
greater expressibility.

For some applications it is not sufficient to show that a
problem instance is satisfiable but an actual solution is also
sought for. Finding the solution to a given consistent STP∗

problem instance can be done by constructing the equiva-
lent STP�= problem instance implied by the algorithm STP-
1 and using for instance the approach found in (Gerevini
& Cristani 1997) to find the solution to the STP�= problem
instance. The conversion to STP�= is done by converting
each disjunctive clause c = x1 + r1 ≤ y1 ∨ x2 + r2 �=
y2 ∨ · · · ∨xn + rn �= yn that is removed at step 12 of the al-
gorithm to the STP�= constraints x1 + r1 ≤ y1 and for each
clause remaining in C when the algorithm accepts convert
it to the STP�= constraint xi + ri �= yi where i > 2 and
M [xi][yi] �= ri ∨ M [yi][xi] �= ri.

Expressing Interval and Rectangle Algebra
Problems in STP∗

In this section we discuss how interval and rectangle algebra
problems can be expressed in terms of STP∗ problems. We
demonstrate that the full set of preconvex interval algebra
relations (ie. the ORD-Horn algebra) can be expressed using
STP∗ and that the expressibility of STP∗ subsumes that of
the preconvex fragment of the augmented interval algebra
(Condotta 2000).

The interval algebra was introduced by Allen (1983) and
is a relational algebra consisting of 13 atomic relations and
their disjunctions. The relations of the interval algebra op-
erate over intervals in a real valued domain are the follow-
ing: before (b), after (a), meets (m), met-by (mi), overlaps
(o), overlapped-by (oi), during (d), includes (di), starts (s),
started-by (si), finishes (f), finished-by (fi) and equals (eq).
An interval algebra network is a set of variables and a set of
binary constraints over the variables where each constraint
is a disjunction of the atomic relations.

In the rectangle algebra the variables represents rectangles
and the constraints disjunctions of tuples of interval con-
straints over the rectangles projected onto two orthogonal
axes. For instance, the constraint x(b, m)y signifies that the
rectangle x should come strictly before y on the first axis
and should meet y along the second axis.

In order to be able to compare the STP∗ formalism with
the augmented interval algebra we need the definition of it as
well. The following definition come from Condotta (2000).

Definition 6 An augmented interval network M is a pair
〈N ,S〉 where N = 〈V, C〉 is an interval network which rep-
resents the qualitative constraints on the intervals in V and
S = 〈Points(V ), C ′〉 is an STP instance representing the
quantitative constraints on the distances between the bounds
of the intervals in V .

Condotta (2000) has proven that deciding satisfiability for
augmented interval networks containing only preconvex re-
lations in its qualitative part can be done in O(n5) time.

Theorem 7 The satisfiability problem for the augmented
interval algebra restricted to problem instances containing
only preconvex relations can be reduced to the satisfiability
problem for STP∗ in linear time.
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Figure 2: Running time of the STP∗ solver for converted interval algebra problem instances with and without constraints
imposed on the lengths of intervals. For each sample 500 problem instances was generated and solved.

Proof: Let M = 〈N ,S〉 be an augmented interval network
such that N contains only preconvex (ORD-Horn) relations.
By definition we know that there exists a constant number
of equivalent STP∗ constraints for each preconvex relation.
We construct an STP∗ problem instance by introducing two
STP∗ variables x+ and x− and the constraint x− ≤ x+ for
each interval x in N and translate each qualitative IA con-
straint in N into a constant number of STP∗ constraints. By
also including the STP constraints S we have an an STP∗

problem instance which is satisfiable iff M is satisfiable. �

Furthermore, STP∗ is able to express constraints which
cannot be expressed with only the preconvex relations of the
interval algebra. For instance, let x R y be an interval al-
gebra constraint with a preconvex relation R and C the cor-
responding set of STP∗ constraints. If we let C ′ be C with
the term z+ �= w+ added to each clause and C ′′ be C with
the term z− �= w− added we can express for instance the
non binary constraints x R y ∨ z neq w as C ′ ∪ C ′′ and
x R y ∨ z¬(f ∨ fi)w as C ′. We continue by recalling the
definition of the augmented rectangle algebra as given by
Condotta (2000) and will see that STP∗ manages to express
some of the constraints in this algebra too.

Definition 8 An augmented rectangle network M is a triple
〈N ,S1,S2〉 where N = 〈V, C〉 is a rectangle network
which represents the qualitative constraints on the rectangles
in V . S1 = 〈Points(V ′), C ′〉 and S2 = 〈Points(V ′′), C ′′〉
are two STPs representing the quantitative constraints on the
distances between the bounds of the interval of V ′ and V ′′

respectively, where V ′, V ′′ represents the set of the projec-
tions of the rectangles in V onto the first and second axis
respectively.

In this case, we represent each rectangle with four STP∗

variables representing the endpoints of the rectangles pro-
jected onto each axis. For instance, the rectangle algebra
constraint x(b, mi)y representing the fact that x lies left of

and meets y from above can be expressed by the STP∗ con-
straints x+

1 ≤ y−
1 , x+

1 �= y−
1 , x−

2 ≤ y+
2 and y+

2 ≤ x−
2 .

Obviously, since deciding satisfiability for the full rectangle
algebra is an NP-complete problem STP∗ cannot express all
the relations in the full rectangle algebra. Note however that
there exists large tractable fragments of the rectangle alge-
bra such as the set of strongly preconvex rectangle algebra
relations (Balbiani, Condotta, & Fariñas del Cerro 1999).
The full extent of which rectangle algebra relations that can
be expressed in terms of STP∗ constraints remains an open
question. Note that all the basic relations in the rectangle
algebra can be expressed using STP∗ constraints.

Evaluating STP∗

As was shown in the previous section the expressibility of
STP∗ subsumes that of the preconvex fragment of the aug-
mented interval algebra while still retaining a fairly sim-
ple algorithm for deciding satisfiability. In this section we
investigate the actual runtime properties of this algorithm.
We note that algorithm STP-1 is both simple to implement
and gives a practical and efficient method for reasoning
about points and intervals with metric information. Al-
though the theoretical time complexity of the algorithm is
O(|C|(|V |3+|C|t)) for problem instances 〈V, C〉 with max-
imum clause size t (for most applications t is a fixed constant
and can be disregarded) it runs in almost cubic time with re-
gard to the number of variables in practice.

In order to test the running time of the algorithm we have
first generated random sets of problem instances (without
metric information) of the interval algebra. We choose a ran-
dom graph structure for these problems and with a constant
factor chosen from the phase transition region (Cheeseman,
Kanefsky, & Taylor 1991) as the average constraintedness.
We tested the algorithm on these data and noted that it ran
in approximately O(n3.35) time for this specific problem en-
semble. A reasonable guess considering the behavior of the
algorithm would be that adding metric information (in this



0 50 100 150 200 250 300
0

500

1000

1500

2000

2500

Number of nodes

C
P

U
 ti

ck
s

Median Allen (x8)
Median STP*
Worst Allen (x8)
Worst STP*
O(N3.35)
O(N3)

Figure 3: Measured running times for the solvers varying number of nodes in problem instances. For each sample 100 problem
instances was generated and solved. Note that the cpu time for the Allen algebra based solver has been exaggerated a factor of
eight to better illustrate the asymptotical behavior of the solvers.

case, constraints on the lengths of intervals) will not affect
the practical time complexity of the algorithm considerably.
As can be seen in Figure 2 adding metric information to our
problem instances gives a slight performance increase in the
median case, since more problem instances can be found un-
satisfiable at an earlier stage, and a small constant perfor-
mance decrease in the worst case for each problem instance
ensemble.

We continue by comparing the running time of this al-
gorithm by that of another solver working directly on the
intervals of a problem instance that was used for evaluat-
ing the efficiency of using the ORD-Horn fragment (Nebel
1997). For this we generate a number of instances having
only qualitative preconvex interval constraints from Allen’s
interval algebra and solve these instances using both an ef-
ficient solver (Nebel 1997) deciding path consistency on the
interval constraints directly and using our solver. The con-
version of the interval algebra constraints is done by a sim-
ple translation procedure containing a case for each possi-
ble interval relation, the cost of translating the constraints
is thus linear with the number of interval constraints which
is quadric with respect to the number of variables. In the
graphs we have omitted the cost of translating the constraints
since it is assumed that in a real world application the trans-
lation should either be done in the modeling of the problem
or with a more efficient in-memory approach.

As can be seen the cost of using our solver is relatively
low. Since the size of problem instances are doubled when
working on point relations, using STP∗ takes a constant fac-
tor of eight times longer. In order to easier compare the
asymptotical behavior of the two different approaches this
constant factor has been removed in the figures but it is
important to remember this extra constant cost induced by
the extended expressibility of STP∗ compared to the inter-
val algebra when solving real world problems. Furthermore,
the addition of metric constraints gives a higher time com-

plexity, but in practice not as high as the theoretical O(n5).
Overall, the cost of allowing metric information in prob-
lem instances seems to be small and is mostly dominated by
the constant factor eight for problem instances of reasonable
size. The running times for the two different approaches us-
ing the same problem instances can be found in Figure 3. It
would here also have been interesting with a comparison of
the STP∗ solver and a solver for Horn DLRs. However, as
far as we know there exists no publicly available implemen-
tation of such a solver.

Of further interest is also to study the two different ap-
proaches with respect to the probability of satisfiability for
the problem instances. This is done in Figure 4 by varying
the average degree of problem instances. Again, the run-
ning times of the approach based on Allen’s interval algebra
has been scaled by a factor eight to ease comparisons. As
we can see the effect of varying the constraintedness of the
problem instances is much larger for the IA approach than
for STP∗ where the running time has very little correlation
with the constraintedness of problem instances. This can
perhaps best be explained by noting that information is lost
in the conversion from interval algebra problems to the point
algebra approach used in STP∗.

Concluding Remarks
In this paper we have introduced a new extension STP∗ of
the Simple Temporal Problem (STP) which allows disjunc-
tions of disequalities in the constraints and demonstrate how
this algebra can be used efficiently for temporal reasoning
with metric time. We have given a simple and efficient al-
gorithm for deciding satisfiability of STP∗ and shown how a
solution to a given STP∗ instance can be found by means of
a reduction to STP�=.

The expressibility of STP∗ extends that of the set of pre-
convex relations for the augmented interval algebra, which is
the only tractable set of relations for this algebra which con-
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tains all the basic relations. Furthermore, this algebra can be
used not only for temporal reasoning but can also handle for
instance fractions of the rectangle algebra.

For future work, it would be interesting to enhance the
algorithm so that intervals involving only purely qualitative
constraints would be handled as they are, without being con-
verted into two STP∗ points. This would remove some of the
efficiency loss induced by having twice as large problem in-
stances for converted IA instances. Another open question
is that of which rectangle algebra relations can be expressed
in terms of STP∗ constraints. Is it possible to express the full
set of strongly-preconvex RA relations using only the point
constraints allowed in STP∗?
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